
NASA TECHNICAL NOTE 

THE STATIONARY LAMINAR VELOCITY 
BOUNDARY LAYER WITH CONSTANT FLUID 
PROPERTIES AND ARBITRARY DISTRIBUTIONS 
OF PRESSURE AND MASS TRANSFER 

by Ernst W. Adam and Benton K.  Bewy 

George C. Marshall Space Flight Center 
Hzlntsville, Ala. 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION WASHINGTON, D. C. FEBRUARY 1965 



NASA TN D-2642 
TECH LIBRARY KAFE, NM 

THE STATIONARY LAMINAR VELOCITY BOUNDARY LAYER WITH 

CONSTANT FLUID PROPERTIES AND ARBITRARY DISTRIBUTIONS 

OF PRESSURE AND MASS TRANSFER 

By Ernst W. Adams and Benton K. Berry 

George C.  Marshall Space Flight Center 
Huntsville, Ala. 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

For solo by the Offico of Technical  Services, Deportmont of Commorco, 
Washington, D.C. 20230 -- Prico $3.00 





TABLE O F  CONTENTS 

Page 

I . INTRODUCTION ...................................................... 1 

I1 . DEFINITIONS AND GENERAL PROPERTIES OF THE BOUNDARY LAYER FLOW 
UNDER DISCLTSSION .................................................. 4 

I11 . DIFFERENTIAL EQUATIONSy BOUNDARY CONDITIONSy AND I N I T I A L  
CONDITIONS ........................................................ 6 

I V  . THE INNER SOLUTION ................................................ 9 

V . THE OUTER SOLUTION ................................................ 14 

V I  . THE MATCHING PROCEDURE O F  THE INNER AND THE OUTER SOLUTION ........ 17 

V I 1 1  . ERROR ANALYSIS .................................................... 22 

................ IX . APPLICATION OF THE METHOD TO THE CIRCULAR CYLINDER 23 

X . APPLICATION OF THE METHOD TO GENERAL CYLINDERS .................... 25 

X I  . APPLICATION OF THE METHOD TO BOUNDARY LAYER FLOWS WITH MASS 
TRANSFER .......................................................... 26 

XII . COMPARISON WITH KARMAN-POHLHAUSEN INTEGRAL METHODS ................ 28 

X I 1 1  . GENERALIZATIONS OF THE METHOD ..................................... 29 

X I V  . CONCLUSIONS ....................................................... 32 

APPENDIX A: VALIDITY O F  BLASIUS' EXPANSION .............................. 57 

APPENDIX B: HISTORICAL NOTES ON THE INNER AND THE OUTER SOLUTIONS ....... 59 

APPENDIX C: SOLUTIONS OF THE LINEARIZED VON M I S E S  EQUATION .............. 63 

APPENDIX D: BOUNDS OF THE RIGOROUS SOLUTION ............................. 69 

iii 

. 



LIST OF ILLUSTRATIONS 

T i t l e  Page Figure 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

1 2  

13 

14 

Flow Plane and Nota t ions . . . . . . .  ............................... 38 

u(x, y)/ue(x) a t  x = 0.1 (cp = 1 1 . 5 " )  f o r  the  C i rcu la r  
Cylinder ...................................................... 39 

u(x ,  y)/ue(x) a t  x = 0.5 (cp = 5 7 . 2 " )  f o r  t he  C i rcu la r  
Cylinder ...................................................... 40 

u(x ,  y) /ue(x)  a t  x = 0.85 (cp = 9 7 . 4 " )  f o r  t he  C i rcu la r  
Cylinder ...................................................... 41 

u(x, y) /ue(x)  a t  x = 0.5 (cp = 5 7 . 2 " )  f o r  t he  C i rcu la r  
Cylinder ...................................................... 42 

u(x, y)/ue(x) a t  x = 0.85 (cp = 9 7 . 4 " )  f o r  t he  Ci rcu lar  
Cylinder ...................................................... 43  

u(x, y ) /ue (x )  a t  x = 0.1 (cp = 1 1 . 5 " )  f o r  the  C i rcu la r  
Cylinder ...................................................... 44 

u(x ,  y) /ue(x)  a t  x = 0.5 (cp = 5 7 . 2 " )  f o r  t he  Ci rcu lar  
Cylinder ...................................................... 45 

u(x, y ) /ue (x )  a t  x = 0.85 (cp = 9 7 . 4 " )  f o r  t he  C i rcu la r  
Cylinder ...................................................... 46 

c f ( x )  Re' f o r  the  C i rcu la r  Cylinder,  from Blas ius '  Expansion 
(28)  and from the Approximation ( 3 4 )  .......................... 

Expansion ( 2 8 )  and from the Approximation ( 3 4 )  ................ 

and from (16) ................................................. 49 

47 

c f ( x Y ~ ~ ( O . 0 5 )  f o r  the  C i rcu la r  Cylinder,  from Blas ius '  

c f (x )  Re' f o r  t he  C i rcu la r  Cylinder,  from Blas ius '  Expansion 

cf (x)  Re' f o r  t he  C i rcu la r  Cylinder,  from Blas ius '  Expansion 
and from 

c f ( x )  Re' f o r  the  E l l i p t i c  Cylinder,  from (16) and from ( 2 2 ) . .  

48 

( 2 2 )  with  Continuation by Use of (16) ................ 50 

51 

iv 

. . . . . .  ... ... . . . . . .  



LIST OF ILLUSTRATIONS (Continued) 

T i t l e  

c f (x )  Re% f o r  t he  Ci rcu lar  Cylinder,  from (16): 
Blowing and Suct ion Vectors.. ................................. 
c (x) Re% f o r  t he  C i rcu la r  Cylinder,  from (16): 

c f (x )  Re% f o r  t h e  Ci rcu lar  Cylinder,  from (16): 
of t he  I n c l i n a t i o n  of t he  Blowing Vector..... ................. 
cf (x)  Re% f o r  the  E l l i p t i c  Cyl inder ,  from (16): 

Normal 

Inc l ined  
B f owing and Suct ion Vectors... . . . . .  ........................... 

Inf luence  

Normal 
Suct ion Vector ................................................ 

Figure 

15 

16 

17 

18 

LIST OF TABLES 

Table T i t l e  

1 Numerical Values of the  Indiv idua l  Terms i n  P a r t i a l  Sums of 
(16) and (22) f o r  t he  Ci rcu lar  Cylinder (Figure 13) ......... 

2 Separa t ion  Po in t  xs of t he  Boundary Layer a t  the  Ci rcu lar  
Cylinder .................................................... 

3 Coef f i c i en t s  i n  the  Polynomial Expressions (40) and (41) 
Pe r t a in ing  t o  t h e  E l l i p s e  1:14........... ................... 

4 Numerical Values of the  Indiv idua l  Terms i n  a P a r t i a l  Sum 
of (16) f o r  che E l l i p t i c  Cylinder (Figure 14) ............... 

5 Auxi l ia ry  Functions f o r  Mass Transfer  a t  t he  Ci rcu lar  
Cylinder .................................................... 

52  

5 3  

54 

55 

Page 

34 

35 

36 

37 

37 

V 



Symbol 

An 

a n  

Bn 

P 

Pr 

PP 

PM 

R 

Re = 

DEFINITION OF SYMBOLS 

D e f i n i t i o n  

c o e f f i c i e n t  i n  expansion (16) 

c o e f f i c i e n t  in-  expansion (22) 

c o e f f i c i e n t  i n  expansion (50) 

w a l l  f r i c t i o n  c o e f f i c i e n t  

s p e c i f i c  h e a t  a t  cons tan t  p re s su re  

a u x i l i a r y  func t ions  

boundary func t ion  def ined  i n  (31) 

t o t a l  p ressure  

reg ions  def ined i n  Sec t ion  I1 and Figure 1 

reg ions  def ined i n  Appendix D 

re ference  l eng th  

a u x i l i a r y  func t ions  i n  Sec t ion  X I  

s t a t i c  pressure  

Prandt l  number 

opera tor  def ined  i n  (5) 

opera tor  def ined i n  (D-7) 

r ad ius  of c i r c u l a r  cy l inde r  

Reynolds number 

v i  



DEFINITION OF SYMBOLS (Continued) 

Symbol 

T 

U 

u, = const.  

V 

X 

XS 

Y 

cp 

0 

$E = const .  

D e f i n i t i o n  

temper a t u r  e 

v e l o c i t y  component p a r a l l e l  t o  the  w a l l  

f r e e  s t ream v e l o c i t y  

v e l o c i t y  component normal t o  the  w a l l  

a r c  l eng th  of t he  w a l l  

boundary of t he  s t agna t ion  p o i n t  v i c i n i t y  

f i r s t  maximum of ue(x) p a s t  the  s t agna t ion  p o i n t  

p o i n t  of s epa ra t ion  of t he  boundary l a y e r  

coordinate  normal t o  the  w a l l  

boundaries of reg ions  def ined  i n  Sec t ion  I1 

boundaries of reg ions  def ined  i n  Appendix D 

angle  measuring on circumference,  cp = 0 a t  
s t agna t ion  p o i n t  

p o t e n t i a l  of v e l o c i t y  a t  the ou te r  edge of the  
boundary l a y e r  

see Figure 1 

stream func t ion  

stream l i n e  

v i i  



l1111l111l1l111ll1111llllI II I I I I II 

DEFINITION OF SYMBOLS (Continued) 

Symb o 1 

$: (x) 

P 

v = p / p  

P 

7 

7 

SUPERSCRIPTS 

SUBSCRIPTS 

b 

e 

i, j, n 

L 

U 

W 

D e f i n i t i o n  

boundary of HI a?d HII, cons i s t ing  of l i n e s  
@ = Pa and @ = 9; 

v i s c o s i t y  and t ransform f o r  @, equat ion (C-3) 

kinematic v i s c o s i t y  

dens i ty  

shear  s t r e s s  

dummy v a r i a b l e  f o r  fl 

i nd ica t e s  t h a t  the  parameter possesses a 
phys ica l  dimension, e .g . ,  i j ;  absence of bar  
denotes dimensionless parameters,  e.g., p 

I T  r e f e r s  t o  the  l i n e  $fc(x) separa t ing  H and H I 

boundary va lue  

ou te r  edge of the boundary l a y e r ,  y = 

summation index 

lower bound 

upper bound 

wal l  

v i i i  



THE STATIONARY LAMINAR VELOCITY BOUNDARY LAYER WITH CONSTANT FLUID 
PROPERTIES AND ARBITRARY DISTRIBUTIONS OF PRESSURE AND MASS TRANSFER 

SUMMARY 

Along sec t ions  of stream l i n e s  $ = &(x, y ) ,  s e r i e s  expansions represent -  
ing an inner  s o l u t i o n  (0 < y s y;?) a r e  matched wi th  a closed-form ou te r  solu-  
t i o n  (yfc 5 y < m ) ,  whose l i n e a r i z a t i o n  e r r o r  vanishes  asymptot ica l ly  as y +m.  

This process  y i e l d s  a nonl inear  i n t e g r o - d i f f e r e n t i a l  equat ion f o r  the f r i c t i o n  
c o e f f i c i e n t  c f ( x )  Rex. The v e l o c i t y  d i s t r i b u t i o n s  ue(x) a t  y = co and uw(x) 
and vw(x) a t  y = 0 may be represented  s e c t i o n a l l y  by polynomials. Comparison 
wi th  o t h e r  s o l u t i o n s  shows t h a t  accu ra t e  approximations of c f ( x )  Rex can be 
computed. 
and v&(x) change t h e i r  s igns .  
d i r e c t i o n  of the mass t r a n s f e r  vec to r  r e l a t i v e  t o  the wal l .  Genera l iza t ions  
of the  method a r e  ou t l ined  wi th  r e s p e c t  t o  compressible boundary l a y e r  flow 
and a s p e c i a l  second-order boundary l aye r  theory.  Rigorously v a l i d  bounds f o r  
c f ( x )  Re% can be ca l cu la t ed  by use of t h i s  method and the theorem of Nagumo and 
Wes tpha l .  

This accuracy decreases  wi th  the number of po in t s  where uk(x),  u&(x), 
Resul t s  prese'nted show the  inf luence  of the  

I. INTRODUCTION 

Even though Prandt l  der ived the boundary l a y e r  equat ions from the com- 
p l e t e  Navier-Stokes equat ions a s  e a r l y  a s  1904 [44] ,  only a r e l a t i v e l y  small 
number of exac t  s o l u t i o n s  have been published s i n c e  t h a t  time. Separat ion of 
the v a r i a b l e s  y i e l d s  the most important c l a s s  of r igorous  s o l u t i o n s ,  the 
so-ca l led  s i m i l a r  so lu t ions  f o r  ue(X) = c xm o r  ue(x) = a epx, where a, By C ,  

and m a r e  cons tan t  numbers (see References 3 ,  9 ,  10,  and Ch. VI11 of Refer- 
ence 48) .  

Under the  assumption of a n a l y t i c a l  func t ions  r ep resen t ing  the v e l o c i t y  
d i s t r i b u t i o n s  ue(x) ,  uw(x),  and vw(x) a t  the boundaries y = 0 and y = m, 

r e spec t ive ly ,  Blas ius  [ 6 ,  19081 presented a s e r i e s  expansion f o r  u(x,  y)  i n  
powers of x ,  whose c o e f f i c i e n t s  a r e  determined by ord inary  d i f f e r e n t i a l  equa- 
t i ons .  This expansion proceeds i n  odd powers of x i n  case of p r o f i l e s  whose 
symmetry a x i s  is  a l igned  wi th  the f r e e  stream. For t h i s  case,  Howarth [22, 241 
and l a t e r  T i f fo rd  E591 ca lcu la t ed  "universal"  func t ions  o f  y which a r e  not  
r e l a t e d  t o  a p a r t i c u l a r  body shape and r ep resen t  the c o e f f i c i e n t s  of the 
powers x,  x3, ..., xl1 i n  Blas ius '  expansion (see Ch. I X  of Reference 4 8 ) .  
It is  shown i n  Appendix A t h a t  a p a r t i a l  sum employing the  a v a i l a b l e  universa l  
c o e f f i c i e n t s  y i e l d s  accu ra t e  approximations t o  r igorous  s o l u t i o n s  f o r  p r o f i l e s  
wi th  cons iderable  b luntness  only.  Even f o r  a c i r c u l a r  cy l inde r ,  the e r r o r  



i s  n e g l i g i b l e  only i n  the  reg ion  where uL(x) > 0. For func t ions  ue(x) which 
can be expanded i n  powers of xm/2 wi th  m # - 1, G G r t l e r  [18] has presented  a 
s e r i e s  expansion i n  powers of 5% f o r  the  s o l u t i o n  of P r a n d t l ' s  boundary l a y e r  
problem, where 

Tables of universa l  func t ions  have been publ ished f o r  the  c o e f f i c i e n t s  of t h i s  
expansion [19].  Since the convergence i s  s t i l l  an  open i s sue ,  bo th  Blas ius '  
and G z r t l e r ' s  s e r i e s  could be c a l l e d  "formally exact." 

A very  l a r g e  number of approximate s o l u t i o n s  and s o l u t i o n  methods of 
P rand t l ' s  boundary l aye r  problem has been publ ished s i n c e  1904; convergence 
towards r igorous  s o l u t i o n s  has been shown only f o r  c e r t a i n  types of e x p l i c i t  
d i f f e rence  methods as 'appl ied t o  convex i n i t i a l  p r o f i l e s  and uL(x) > 0 
[29, 721. References 16, 55, and 7 1  p re sen t  e x p l i c i t  d i f f e rence  methods. A 
comparison of e x p l i c i t  and i m p l i c i t  d i f f e r e n c e  schemes i s  given i n  Reference 
53. I f  the  convergence problem is  unresolved and e r r o r  es t imates  are  no t  
ava i l ab le ,  t he  p r a c t i c a l  va lue  of approximate s o l u t i o n  methods can be t e s t e d  
by cons idera t ion  of computation'work and accuracy obta inable  i n  those s p e c i a l  
cases  f o r  which r igorous  so lu t ions  are a v a i l a b l e .  

I n  1921, von Kzm'n [26] and K. Pohlhausen [43] i n i t i a t e d  the  development 
of i n t e g r a l  methods, e.g., Ch. X I 1  of Reference 48. With the  except ion of 
cases  where high accuracy is  requi red  as i n  s t a b i l i t y  ana lys i s ,  i n t e g r a l  
methods are  s t i l l  more important than any o the r  approximate procedure i n  
engineering boundary l a y e r  work. P r a n d t l ' s  momentum d i f f e r e n t i a l  equat ion  of 
the  boundary l a y e r  i s  mul t ip l i ed  consecut ive ly  by uo, u, u2, u3, ..., uM and 
then in t eg ra t ed  over y i n  each case from y = 0 t o  y = 6(x) ,  where 6(x-) i s  the  
"boundary l a y e r  thickness ."  S u b s t i t u t i o n  of a polynomial 

wi th  N > M  i n  these  M r e l a t i o n s  y i e l d s  a system of M simultaneous nonl inear  
ordinary d i f f e r e n t i a l  equat ions f o r  M + 1 unknown "form-parameters" h ( x )  
which depend on ue(x) ,  6 (x) ,  e t c . ,  and determine the  f r i c t i o n  c o e f f i c i e n t  
c f (x)  Reh. By use of boundary condi t ions  a t  y = 0 and y = 6(x) ,  the  coef- 
f i c i e n t s  bn(x) are expressed i n  terms of the form parameters. One-parameter 
i n t e g r a l  methods i n  genera l  f u r n i s h  f a i r l y  accd ra t e  r e s u l t s  a t  r e l a t i v e l y  
l i t t l e  computation work, provided ue, %, and vw a r e  s u f f i c i e n t l y  smooth 

2 



func t ions  of x. 
66, 67, 121 have developed and appl ied  two-parameter i n t e g r a l  methods which 
i n  genera l  g ive  s u r p r i s i n g l y  accu ra t e  r e s u l t s .  Kwan-tsu-Yang [30,31] has 
presented an i t e r a t i v e l y  co r rec t ed  i n t e g r a l  method. The convergence of i n t e -  
g r a l  methods of any type towards r igorous  so lu t ions  i s  s t i l l  an  open i ssue .  

Mangler 1331, Wieghardt [70],  and i n  p a r t i c u l a r  Walz [65, 

"Locally similar so lu t ions"  have been proposed (e.g., References 34 and 
50) which determine u(x,  y) from t a b l e s  of s i m i l a r  so lu t ions .  To ob ta in  the  
momentum th ickness  e(xn) of t he  boundary l aye r  a t  t he  g r i d  po in t  x = xn, ue(x) 
i s  approximated by k ( x  - xo)m between the  g r i d  po in t s  Xn and Xn-1. 
free cons tan ts ,  k, xo, and m are determined by r equ i r ing  t h a t  U ~ ( X ~ - ~ ) ,  ue(xn), 
and e(xn,l) are matched. Smith [50] po in t s  ou t  t h a t  the  accuracy a p p e a r s  t o  
be very  h igh  i n  reg ions  of decreasing pressure ;  however, s epa ra t ion  i s  pre- 
d i c t e d  somewhat ea r ly .  This i s  r e a d i l y  explained by t h e  f a c t  t h a t  the  upstream 
h i s t o r y  of the  boundary l a y e r  f o r  x < xn-1 i s  neglec ted  a l t o g e t h e r , a s  i s  a l s o  
t r u e  i n  i n t e g r a l  methods. The inf luence  of t h i s  de f i c i ency  usua l ly  mani fes t s  
i t s e l f  s t rong ly  i n  a r eg ion  of increas ing  pressure.  To avoid t h i s  disadvantage,  
"d i f f e rence -d i f f e ren t i a l "  methods have been presented [20, 51, 52, 571 which 
s u b s t i t u t e  d i f f e r e n c e  express ions  f o r  the  x-der iva t ives  i n  the  nondimensional 
boundary l a y e r  equat ion f o r  the  stream funct ion  $(x, y ) .  Accuracy thus i s  
gained a t  the  expense of computation work s i n c e  t a b l e s  of s i m i l a r  so lu t ions  
cannot be used here .  A t  every g r i d  s t a t i o n  x = xn, a nonl inear  ord inary  d i f -  
f e r e n t i a l  equat ion wi th  boundary condi t ions a t  y = 0 and a t  y = m has t o  be 
solved i t e r a t i v e l y .  This method involves  about as much computation work a t  
any g r i d  s t a t i o n  as i m p l i c i t  d i f f e r e n c e  schemes. 

The t h r e e  

The approximation of l o c a l  f e a t u r e s  i n  the  boundary l a y e r  is  g r e a t l y  
f a c i l i t a t e d  by the  two independent v a r i a b l e s ,  x and y, a v a i l a b l e  i n  d i f f e r e n c e  
and d i f f e r e n c e - d i f f e r e n t i a l  methods. Both the  inner  and the  ou te r  s o l u t i o n  
proposed i n  t h i s  p a p e r  a l s o  depend on x and y (or  transformed v a r i a b l e s ) ;  com- 
p u t a t i o n  work is saved, however, as compared t o  d i f f e r e n c e  and d i f f e rence -  
d i f f e r e n t i a l  methods s i n c e  matching o f  the  inner  and the  ou te r  s o l u t i o n  y i e l d s  
one i n t e g r o - d i f f e r e n t i a l  equat ion  f o r  t he  f r i c t i o n  c o e f f i c i e n t  i n  dependence 
on x only. This  r e l a t i o n  accounts e x p l i c i t l y  f o r  t he  e n t i r e  upstream h i s t o r y  
of t he  boundary l aye r .  The inner  s o l u t i o n  employed he re  i s  represented  by a 
series expansion i n  powers of y o r  $ - qW, whereas both Blas ius '  and G g r t l e r ' s  
s e r i e s  expansions proceed i n  powers of x. The closed-form o u t e r  s o l u t i o n  f o l -  
lows from a l i n e a r i z e d  momentum equat ion  whose l i n e a r i z a t i o n  e r r o r  vanishes  
asymptot ica l ly  as y +m. This l i n e a r i z e d  r e l a t i o n  can be transformed i n t o  
the  d i f f e r e n t i a l  equat ion f o r  one-dimensional t r a n s i e n t  h e a t  conduction. Com- 
par i son  wi th  o t h e r  s o l u t i o n s  of P r a n d t l ' s  boundary l a y e r  problem shows t h a t  
accu ra t e  approximations of c f (x )  Re% can be obtained from numerical s o l u t i o n s  
of t he  i n t e g r o - d i f f e r e n t i a l  equat ion  mentioned above. A s  is  t r u e  f o r  
o the r  approximate methods i n  boundary l aye r  theory,  the  accuracy of t he  
method proposed he re  decreases  wi th  the  number of po in t s  where uL(x), 
G<X) Y and v$(x) change their  s igns .  
r e f e r s  t o  a wavy w a l l  and t o  the  concent ra t ion  of m a s s  t r a n s f e r  i n  s l o t s ,  
r e spec t ive ly .  The method proposed he re  surpasses  the  c a p a b i l i t i e s  of 

This r e s t r i c t i o n  of the  a p p l i c a b i l i t y  

3 



Blas ius '  and G G r t l e r ' s  s e r i e s  expansions i n s o f a r  as ue(x),  +(x) ,  and vw(x) 
may be represented  s e c t i o n a l l y  by polynomials. Resul t s  presented show the  
inf luence  of the  d i r e c t i o n  of the  mass t r a n s f e r  v e c t o r  r e l a t i v e  t o  the  w a l l .  
Genera l iza t ions  of t h e  method a r e  ou t l ined  wi th  r e s p e c t  t o  compressible 
boundary l a y e r  f low and a s p e c i a l  second-order boundary l a y e r  theory.  I n  
p a r t i c u l a r ,  i n  t hese  cases, the  savings of computation work as compared t o  
d i f f e r e n c e  and d i f f e r e n c e - d i f f e r e n t i a l  methods become obvious. 

I n  view of t h e  small number of exac t  s o l u t i o n s  and s o l u t i o n  methods which 
have become a v a i l a b l e  so  f a r ,  P r a n d t l ' s  boundary l a y e r  problem w a s  i n  r a t h e r  
u n s a t i s f a c t o r y  s t a t e  from a r igorous  p o i n t  of view u n t i l  Nickel [37, 38, 4 0 ,  
411 i n  response t o  a remark by G G r t l e r  [17] publ ished r igo rous ly  v a l i d  theo- 
r e m s  on a l l  t he  r e l e v a n t  genera l  f e a t u r e s  of the  v e l o c i t y  d i s t r i b u t i o n  u(x,  y) 
i n  the  incompressible  s t a t i o n a r y  boundary l a y e r  flow under d iscuss ion .  Nickel 
obtained these  theorems by a s u i t a b l e  mod i f i ca t ion  of the  lemma of Nagumo [ 3 6 ]  
and Westphal [ 6 8 ]  as appl ied  t o  P r a n d t l ' s  momentum equat ion  i n  von Mises o r  
Crocco v a r i a b l e s .  Velte [ 6 2 ,  6 3 ,  641 l a t e r  reder ived  the  ma jo r i ty  of Nicke l ' s  
theorems by a p p l i c a t i o n  of Nirenberg's maximum p r i n c i p l e  [ 4 2 ]  t o  P r a n d t l ' s  
momentum equat ion.  Recently,  Nickel [ 3 9 ]  employed h i s  modified ve r s ion  of 
Nagumo's and Westphal 's  lema t o  determine a r igo rous ly  v a l i d  lower bound of 
t he  f r i c t i o n  c o e f f i c i e n t  by use of l o c a l l y  s i m i l a r  so lu t ions .  Since these  
s o l u t i o n s  do no t  r ep resen t  t he  upstream h i s t o r y  of t he  boundary l a y e r  ade- 
quately,  r a t h e r  conserva t ive  lower bounds are obtained i n  Nicke l ' s  paper. 
According t o  t h e  b r i e f  o u t l i n e  i n  Appendix D ,  r i g o r o u s l y  v a l i d  bounds of exac t  
boundary l a y e r  s o l u t i o n s  can be determined by a p p l i c a t i o n  of the  method der ived 
i n  t h i s  p a p e r  and Nicke l ' s  modified v e r s i o n  of Nagumo's and Westphal 's  l e m a .  
Details of t h i s  procedure w i l l  be presented i n  a forthcoming p a p e r  by the 
f i r s t  author .  I n  view of the  preceding d i scuss ions  on a v a i l a b l e  s o l u t i o n s  
and s o l u t i o n  methods f o r  P rand t l ' s  boundary l a y e r  problem, i t  would be q u i t e  
va luable  t o  be a b l e  t o  compute r igorous  and, a t  t he  s a m e  time, c lose  upper and 
lower bounds of t he  exac t  f r i c t i o n  c o e f f i c i e n t .  

11. DEFINITIONS AND GENERAL PROPERTIES OF THE 
BOUNDARY LAYER FLOW UNDER DISCUSSION 

The s o l u t i o n  of P r a n d t l ' s  boundary l a y e r  problem under d i scuss ion  i s  t o  
be determined i n  the  reg ion  H of the  Car tes ian  x-y plane (Figure 1). 
f a c i l i t a t e  t he  d i scuss ions ,  subregions Ho, e t c . ,  are introduced according t o  
Figure 1, 

To 

H : O < x < x s ,  O < y < m ,  

Ho : 0 < x < xo, o < y < m ,  

Hoa : 0 < x < xo, I(; < $ < 00, 

H I  x0 < x < x S ,  

HII : x0 < x < xS, 

HIIa: xo < x < -1, & < $ < a. 

0 < q < $*(X) 

I p ( x )  < q < m 
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The i n t e g e r  number a t akes  the  va lues  0, 1, ..., By where xp = xs; i n  
Figure 1, p = 3 .  
s i s t s  of s t ream l i n e  s e c t i o n s  and sec t ions  x = cons t . ,  

The boundary l i n e  I)~<(X, y*) s epa ra t ing  HI and HI. con- 

The parabol ic  boundaries of t h e  reg ions  l i s t e d  i n  ( la)  a r e  represented  by the  
f ol lowing P i ne  s : 

ro: ( a ) x  = 0, 0 < y  <a; 

& x = xo, $; < $ < "; %a: 
c 

I n  Ho, the  r igorous  s t agna t ion  po in t  s o l u t i o n  of bo th  the  Navier-Stokes 
equat ions and P r a n d t l ' s  boundary l aye r  equat ions i s  employed. This s o l u t i o n  
(e.g., C h .  V of Reference 48)  y i e l d s  u(xo, y) > 0 f o r  0 < y < and 
a U ( X O ,  y) /ay > 0 f o r  0 5 y < w. 
t i o n  po in t  x = xs is  determined by the  condi t ion  t h a t  u(xs ,  y) = 0 a t  least  
a t  one po in t  (xs, y) of t he  l i n e  x = xs, 0 < y < 03. The theorem 

By d e f i n i t i o n ,  u(x,  y) > 0 i n  H. The separa- 

a %(x, y ) / ay  takes  i t s  maximum and i t s  minimum values  on I" 
has been der ived  by Nickel [ 3 7 ]  under the  assumption %(x) E 0 
and by V e l t e  [ 6 2 ,  641 under the  assumption uw(e) # ue(E;) a t  any 
p o i n t  x = 5 i n  0 < x < xs. 
Nickel [ 3 7 ]  has der ived  theorem 11. 

Under the  assumptions %(x) vw(x) E 0, 
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(11) I f  u&(x)  changes i t s  s i g n  j times i n  xo < x 5 5 ,  the  v e l o c i t y  
component u(5,  y) possesses  a t  most j po in t s  of i n f l e c t i o n  on 
the  l i n e  x = 5, 0 < y < m. 

Theorems (I) and (11) a r e  v a l i d  i f  c e r t a i n  condi t ions  on d i f f e r e n t i a b i l i t y  
and con t inu i ty  of u(x,  y )  a r e  s a t i s f i e d .  Theorem (11) as it i s  presented 
here  i s  c o r r e c t  under the  condi t ion  of the boundary l a y e r  beginning a t  a 
s tagnat ion  poin t .  The following theorems can be der ived  immediately from 
(I) and (11): 

(Ia) I f  &(x, O)/ay > 0 f o r  xo 5 x < xs,  u(x,  y) must increase  
monotonically as a func t ion  of y i n  s e c t i o n s  x = cons t . ,  
i .e.,  u(5,  y) < ue(5) on l i n e s  x = E;, 0 5 y < 00. 

( Ib )  Because of theorem ( I a )  and the  d e f i n i t i o n  of xs given 
above, au(xs,  O)/ay = 0 a t  t he  sepa ra t ion  po in t .  

(IIa) Since the boundary l a y e r  supposedly begins  a t  a s t agna t ion  
po in t ,  a po in t  of i n f l e c t i o n  of u(x,  y) i n  s e c t i o n s  
x = const.  does not  e x i s t  i n  0 s x 5 %, 0 < y < m y  where 

Xm-  uL(x) > 0 f o r  0 5 x 5 

111. DIFFERENTIAL EQUATIONS, BOUNDARY CONDITIONS, AND INITIAL CONDITIONS 

Nondimensional q u a n t i t i e s  are introduced a s  follows: 

Bars r e f e r  t o  va lues  wi th  phys ica l  dimensions. For s i m p l i c i t y ,  the  s t a t i c  
pressure p, of the  uniform flow a t  s u f f i c i e n t l y  l a r g e  d i s t ance  ahead of the 
obs t ac l e  under cons idera t ion  is supposed t o  be zero.  According t o  Bernoul l i ‘ s  
theorem, the re fo re ,  p The stream func- 
t i o n ,  which i s  def ine8  by 

= (7j/2)ti: and p(x,  y)  + u2(x, y) = 1. 

s a t i s f i e s  the  con t inu i ty  equat ion i d e n t i c a l l y ,  
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a U  av - 
ax ay 
- + - -  0. ( 4 )  

P r a n d t l ' s  momentum equat ion  of the  boundary l a y e r ,  

Ch. V I 1  of Reference 48, i s  w r i t t e n  i n  terms of t he  opera tor  Pp. Streamline 
coordinates  of t he  boundary l a y e r  

a r e  introduced by the von Mises t ransformation,  

(&) Y = 0, - ($)x and = ($) X 

e.g., Reference 15 o r  Reference 24, where @/ax)  denotes the  d e r i v a t i v e  wi th  
r e s p e c t  t o  x when y i s  cons t an t ,  e t c .  The stream func t ion  $(x, y) i s  cons tan t  
along stream l i n e s  and the  v e l o c i t y  p o t e n t i a l  @(x) i s  a t ransform of the geo- 
m e t r i c  a r c  l eng th  x of t he  w a l l .  The Jakobian of the  t ransformation (7) i s  
given by 

Y 

The t ransformations ( 6 )  and (7)  a r e  uniquely r e v e r s i b l e  i n  H according t o  
theorem ( I a )  i n  Sect ion 11. Because v2 << u2 and p(@, 9) = pe(PI) = 1 - uZ(J3') 
i n  boundary l a y e r  flow, the  t o t a l  p ressure  g = E/po is def ined as 
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This express ion  takes  negat ive va lues  a t  the  w a l l  i f  LIE - u2 > 1, as i s  t r u e  
i n  genera l  i n  the  v i c i n i t y  of a maximum of u e ( a .  
s a t i s f y  the  c o n t i n u i t y  equat ion ( 4 )  i d e n t i c a l l y  and t ransform P r a n d t l ' s  momen- 
t u m  equat ion  (5) as follows: 

Von Mises' coord ina tes  ( 6 )  

ax 
or 

P r a n d t l ' s  boundary l a y e r  equat ions ( 4 )  and (5) o r  von Mises' boundary l aye r  
equat ions (10) are  t o  be solved by use of t he  fol lowing i n i t i a l  and boundary 
condi t ions  prescr ibed  on the  pa rabo l i c  boundary r: 

or 

o r  

o r  

o r  
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me funct ions F(x0, Y >  y uW(x> 9 v ~ ( x >  9 ue (x> 9 F (go ,  $1 > ~ w ( P 9  y and ue (GO a r e  
supposed t o  be given boundary func t ions  which s a t i s f y  c e r t a i n  condi t ions on 
d i f f e r e n t i a b i l i t y  and cont inui ty .  Owing t o  the  c o n t i n u i t y  of t he  flow pro- 
blem, t h e  r e l a t i o n s  

and 

hold t r u e ,  w i t h  corresponding r e l a t i o n s  v a l i d  i n  ,@--$ coordinates .  Rheinboldt 
[471 has shown that (14a) i s  au tomat ica l ly  s a t i s f i e d  by u(x,  y) provided u i s  
a n a l y t i c  w i t h  r e s p e c t  t o  x; a l s o  F(xo, y) i s  assumed t o  be a n a l y t i c  i n  y and 
t o  possess  a s u i t a b l e  asymptotic expansion as y i w .  The boundary l a y e r  i s  
assumed t o  begin a t  a s t a g n a t i o n  po in t ,  i .e. ,  u(0,  y) 5 0. Because of (9) 
and (14b) , t h e r e f o r e ,  

IV. THE INNER SOLUTION 

Within a c e r t a i n  v i c i n i t y  of t he  w a l l ,  t he  s o l u t i o n  of equat ions ( 4 )  and 
(5) i s  expanded a s  follows: 

00 

n 
u = 1 An(x) % 

_ -  
n= 0 

and 

co 

n= 0 
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Because of the  boundary condi t ions  (12a) and (13a), the  c o e f f i c i e n t s  Ao(x) and 
A,,(x) a r e  known, 

Ao(x) = %(x) and A!,, (x) = - vw(x), (17) 

where A,,(x) = + qW(x) appears  only i n  (16b). The r e l a t i o n s  (2) y i e l d  

1 A,(x) = - 2 f  c (x) Rex (18) 

where 

Subs t i t u t ion  of (16) i n  ( 5 )  g ives  

and, i f  n > 0, 

The c o e f f i c i e n t s  A- (x ) ,  i h 2, depend on the  given v e l o c i t y  d i s t r i b u t i o n s  
(12a), (13a), and t14a) a t  the  boundaries and on the  f r i c t i o n  c o e f f i c i e n t  
cf(x).  
s e n t  the  c o e f f i c i e n t s  Ai(x) ,  2 5 i S 11, as func t ions  of f ( x )  = - ue(x) uL(x) 

For %(x) = vw(x) E 0, equat ions (20) have been rearranged t o  repre-  

and A+), 
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The expressions (21) f o r  A,(x) ,  3 5 m 5 9, a r e  l i s t e d  i n  Ch. VI11 of Refer- 
ence 48. 

Under the  assumption uw(x) 0, the  s o l u t i o n  of equat ions  (loa) o r  (lob) 
i s  expanded as fol lows w i t h i n  a c e r t a i n  v i c i n i t y  of t h e  w a l l :  

11 



where @(x) may be s u b s t i t u t e d  f o r  x by use of ( 6 ) .  
f i e s  t h e  boundary condi t ion  (13b). The r e l a t i o n s  (2) y i e l d  

The expansion (22) s a t i s -  

S u b s t i t u t i o n  o f '  (22) i n  ( loa)  g ives  

and, i f  n 2 3, 

i 

- n(n + 2 2) ag(x) rf a n- i- 1 (x) (9) $ (1 a .  J (x) ai- p) 
j = O  i= 0 

n- 3 

j =O 
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The c o e f f i c i e n t s  a i ( x ) ,  i 2 1, depend on the  given boundary func t ions  $w(x) 
and ue(x) and on the f r i c t i o n  c o e f f i c i e n t  cf(x)  Re%. Because of 

the c o e f f i c i e n t s  a i ( x ) ,  i 2 1, do not  e x i s t  bo th  a t  the s t agna t ion  poin t ,  
x = 0, and a t  t he  p o i n t  of s epa ra t ion  of the laminar boundary l aye r ,  
x = xs. 

The problem of the  convergence and thus ex i s t ence  of the  i n f i n i t e  s e r i e s  
(16) and (22) i s  too involved t o  be t r e a t e d  here .  Since par . t ia1 sums of the 
expansions (16) and (22) w i l l  be  used subsequently,  the  convergence and 
ex i s t ence  problem i s  superseded by the  quest ion of the accuracy of these  
polynomial r ep resen ta t ions .  

This  accuracy ques t ion  w i l l  be  d iscussed  now employing the example of 
the  impermeable c i r c u l a r  cy l inde r  (uw = vw = 0) wi th  Ue = 2 s i n  cp = 2 s i n  2x 
a s  given by p o t e n t i a l  flow theory,  Ch. I X  of Reference 48. I n  order  t o  have 
u n i f i e d  t reatment  of a r b i t r a r y  c y l i n d r i c a l  p r o f i l e s ,  the  diameter 2R of the 
c i r c u l a r  cy l inder  r ep resen t s  t he  r e fe rence  l eng th  E. The v e l o c i t y  p r o f i l e s  
marked "B" a t  s t a t i o n s  x = cons t .  i n  Figures  2-9 a r e  r e s u l t s  of eva lua t ing  
the s i x  a v a i l a b l e  terms (n = 1, ..., 6) i n  Blas ius '  s e r i e s  expansion 

s e e  Appendix A. According t o  Ch. I X  of Reference 48, the a v a i l a b l e  terms i n  
(27) y i e l d  

3 5 

c f ( x )  == - 2.732 (i) - + 0.292 (+) - 1.83 x 10'' 

Since it is  intended t o  s tudy  i n  sec t ions  x = const .  the  approximation of the  
supposedly exac t  ( d u e ) - p r o f i l e s  as following from (27) whi le  ue(x) and cf (x)  
a r e  given,  (28) has been used t o  eva lua te .  p a r t i a l  sums of (16) (Figures 2-6) 
and (22) (Figures  7-9) wi th  the  number N of terms marked a t  the  curves i n  
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Figures  2-9. The genera l  expressions ( 2 0 )  and (26) f o r  the  c o e f f i c i e n t s  have 
been used t o  c a l c u l a t e  t he  p a r t i a l  sums of U/Ue shown i n  Figures 2-4 and 7 - 9 ,  
r e spec t ive ly .  
backward d i f f e r e n c e  quo t i en t s ,  e.g. ,  Ai(x) 
The number of decimals of t he  c o e f f i c i e n t s  i n  expression ( 2 8 )  f o r  2A,(x) = 
ag(x) i nd ica t e s  a r ap id  decrease of accuracy i n  approximating the  d e r i v a t i v e s  
of A i  o r  a i  as i increases .  
6 have been determined by use of the  s p e c i a l  formulas (21) f o r  t he  coef- 
f i c i e n t s  &. 
from the  unsynunetric f i n i t e  expressions ( 3 7 )  i n  Sect ion VI1 with  h = 0.02. 

The d e r i v a t i v e s  of A i  and a i  have been obtained from f i r s t  
dAi(x)/dx = [Ai(x)-Ai(x-k)] /&.  

The p a r t i a l  sums of u/ue shown i n  Figures 5 and 

Here the  d e r i v a t i v e s  of A, have been computed more r e l i a b l y  

Figures 2 and 7 show t h a t  about seven terms s u f f i c e  a t  x = 0.1, i . e . ,  
cp = 11.5", t o  approximate Blasius '  ( d u e ) - p r o f i l e  from zero up t o  u/ue = 0.95. 
A t  x = 0.5, i .e . ,  cp = 5 7 . 2 " ,  t en  terms a r e  s u f f i c i e n t  f o r  t h i s  approximation 
a s  seen i n  Figures  3 ,  5 ,  and 8 .  Even though the  (u /ue) -prof i les  following 
from (16) o r  ( 2 2 )  have been ca l cu la t ed  by use of Blasius '  expression ( 2 8 )  
f o r  2A,(x) = ao(x) ,  Blas ius '  curve "Bl' i n  Figure 6 dev ia t e s  a t  y a s  low a s  
one from the  nea r ly  co inc ident  curves represent ing  p a r t i a l  sums with 7 ,  9 ,  
10, and 11 terms. Since Figure 6 r e f e r s  t o  x = 0.85, i .e . ,  cp = 97.4" ,  c lose  
t o  the  sepa ra t ion  po in t ,  t h i s  dev ia t ion  is  explained by the  shortcomings of 
Blasius '  expansion i n  the region where uL(x) < 0. 

2 

Even a t  x = 0.5, the  higher-order  terms must s t i l l  have such small con- 
t r i b u t i o n  t o  the  numerical va lues  of t he  p a r t i a l  sums of (16) and ( 2 2 )  t h a t  
i t  does not  make any no t i ceab le  d i f f e rence  whether t he  more accura te  coef- 
f i c i e n t s  An a r e  used i n  Figure 5 o r  the  l e s s  r e l i a b l e  c o e f f i c i e n t s  An and an  
i n  Figures  3 and 8, r e spec t ive ly .  A t  x = 0.85, however, the  more r e l i a b l e  
c o e f f i c i e n t s  y i e l d  a more r egu la r  p a t t e r n  of curves,  Figure 6, a s  compared 
t o  Figures 4 and 9 .  Computed r e s u l t s  no t  presented here  show t h a t  the  way 
of determining the  c o e f f i c i e n t s  j u s t  begins  t o  mani fes t  i t s e l f  a t  x = 0.8. 

V. THE OUTER SOLUTION 

The asymptotic approach u + u e  a s  y 4 0 0  can be s tudied  t o  a f i r s t  
approximation i f  u/ue i n  ( lob)  i s  replaced by one. The r e s u l t i n g  r e l a t i o n  

has the  form of the  d i f f e r e n t i a l  equat ion 
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f o r  the  one-dimensional t r a n s i e n t  d i s t r i b u t i o n  of temperature T(y, t) i n  a s l a b  
possessing thermal d i f f u s i v i t y  A = 1, e.g., Ch. I1 of Reference 7 .  Because of 
i t s  asymptotic v a l i d i t y ,  t he  d i f f e r e n t i a l  equat ion  (29) w i l l  be considered i n  
the  following only f o r  the  reg ions  Hoa, H I I ~ ,  and t h e i r  common boundary l i n e  
go = @(xo), I& < $ < W; see  ( l a ) ,  (IC), and Figure 1. Here @&+, = @(xml) is 
a given cons tan t  number and $ = $& r ep resen t s  any s t ream l i n e  i n  H. 
t o  (15), the i n i t i a l  and the  boundary condi t ions  f o r  the  s o l u t i o n  of (29) i n  
Ho, + HIIa are g iven  as follows: 

According 

he re  G(@ i s  supposed t o  be a given func t ion  of @. Evident ly ,  G(@) 5 1 
because of (9) and theorem ( I a )  i n  Sect ion 11. 

The s o l u t i o n  of equat ions (29) and (31) f o r  the  reg ions  H o a +  H I I ~  i s  
der ived i n  Appendix C. 

This r e l a t i o n  expresses  the  s o l u t i o n  ag(@, $)/a$ = 2au(@, $)/ay of equat ions 
(29) and (31) i n  Hoa + H I I ~  a s  a func t ion  of the  boundary parameter dG(@)/d@. 

A s  $ -+ W, the  r ight-hand s i d e  of (32) i s  determined by the  va lues  of GI(@) as 
# -+ 0. This conclusion i s  c l o s e l y  r e l a t e d  t o  Rheinboldt ' s  theorem [ 47 ]  quoted 
a t  the end of Sec t ion  111. This theorem may be i n t e r p r e t e d  a s  follows: A s  y -+w,  

the  inf luence  of v o r t i c i t y ,  which is  generated a t  the  w a l l  and d i f f u s e s  ac ross  
the  boundary l aye r ,  tends t o  zero as compared t o  the  inf luence  of the  i n i t i a l  
v e l o c i t y  d i s t r i b u t i o n .  A t ransformation of (30) (see Appendix C) y i e l d s  the  
following convolution-type express ion  on the  boundary-line $ = @ of Hoa + H I I ~ :  a 
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It i s  shown i n  Appendix D t h a t  t he  s o l u t i o n  of t he  l i n e a r i z e d  d i f f e r -  
e n t i a l  equat ion (29) fu rn i shes  a lower bound wi th  r e s p e c t  t o  the  s o l u t i o n  of 
t he  r igorous  d i f f e r e n t i a l  equat ion  (loa) i f  t he  same i n i t i a l  and boundary 
condi t ions  (31) are used i n  both cases. A p e r t i n e n t  upper bound i s  a l s o  
der ived  i n  Appendix D. The g r a d i e n t  

can be enclosed by these  upper and lower bounds; see equat ion  (D-28). The 
cons tan t  number U,'in (D-28) can be s p e c i f i e d  a p r i o r i ;  s ee  equat ion  (39). 
Equation (D-28), t he re fo re ,  fu rn i shes  an  estimate f o r  t he  l i n e a r i z a t i o n  e r r o r  
of the  ou te r  s o l u t i o n ,  which is  only asymptot ica l ly  v a l i d  as y o r  q tend t o  
i n f i n i t y .  

A s  a f i r s t  rough approximatipn, express ion  (32) may be used t o  r ep resen t  
t h e  w a l l  f r i c t i o n  c o e f f i c i e n t  according t o  the  r e l a t i o n  

P 

This procedure has  been employed i n  References 1 and 2 i n  case of h e a t  t r ans -  
f e r  i n  laminar boundary l a y e r  flow. Equation (9) shows t h a t  G(@) = p(@) when 
UJgI EO. Accordingly, equat ion  (32) y i e l d s  

The s u b s c r i p t  a r e f e r s  t o  "approximate." 
bu t ion  u e ( x ) = 2  s i n  cp p a s t  the  c i r c u l a r  cy l inde r ,  F igure  10 p resen t s  both 
c f ( x )  Re% from (28),  s o l i d  l i n e ,  and cfa(x) Reg from (34), dashed l i n e .  A s  
i n  References 1 and 2, the  agreement between the  s o l u t i o n s  being compared i s  
considerably improved when cfa(x) /c fa(xo)  and c (x) /cf(xo3 are  p l o t t e d  ( see  

where ue(x) may be rep laced  wi th  s u f f i c i e n t  accuracy -- - by i t s  i n i t i a l  tangent ,  
uL(0) x. When Zt i s  determined from uL(0) x = (aL/u,)x, the  r igorous  s tagna-  
t i o n  po in t  s o l u t i o n  of both the  Navier-Stokes'equations and P r a n d t l ' s  boundary 
l a y e r  equat ions y i e l d s ,  according t o  Ch. V of Reference 48, 

For the  p o t e n t i a l  v e l o c i t y  d i s t r i -  

F igure  11). Here xo i s  any a r b i t r a r y  p o i n t  w i t  6 i n  the  range of t he  x-axis  
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x c f ( x )  a = 2.4652 7 x. 
UOO 

( 3 5 )  

The parameter cfa(x)  Re% t o  be determined may be obtained from cfa(x) /cfa(xo)  
by m u l t i p l i c a t i o n  of t h i s  r a t i o  by t h e  exac t  express ion  ( 3 5 ) .  According t o  
References 1 and 2, b e t t e r  agreement of t h e  curves presented i n  each one of 
F igures  10 and 11 would o b t a i n  i f  a s lender  p r o f i l e  w e r e  s tud ied  in s t ead  of 
t h e  c i r k u l a r  cy l inder .  It i s  seen t h a t  equat ion ( 3 4 )  y i e l d s  a rough 
"engineering- type" approximation of c f (x )  Re% 
ve ry  l i t t l e  computation work. While ( 3 4 )  i s  a r e s u l t  of r ep lac ing  u/ue i n  
von Mises' boundary l a y e r  equat ion  ( lob)  by one, L i g h t h i l l  [ 3 2 ]  l i n e a r i z e d  
(loa) i n  a d i f f e r e n t  way; he  s u b s t i t u t e d  

whose eva lua t ion  r e q u i r e s  

f o r  ii and obtained a nonl inear  i n t e g r a l  equat ion  f o r  c f ( x )  Reg. 

VI.  THE MATCHING PROCEDURE OF THE INNER AND THE OUlXR SOLUTION 

A s  has  been mentioned before ,  t he  c o e f f i c i e n t s  of t he  series expansions 
( 1 6 )  and ( 2 2 )  depend on the  f r i c t i o n  coefficcient cf(x) i n  a d d i t i o n  t o  t h e i r  
dependence on the  g iven  i n i t i a l  and boundary condi t ions  (11) - (14). Under 
cons idera t ion  of equat ion  (9) between g and u,  e i t h e r  expansion ( 1 6 )  o r  
expansion ( 2 2 )  i s  now s u b s t i t u t e d  i n t o  t h e  expressions g(@, $6) and 
ag(j5, $;)/a$ appearing i n  the  boundary r e l a t i o n  ( 3 3 ) -  of the  ou te r  so lu t ion ,  
which thus becomes a nonl inear  ord inary  i n t e g r o - d i f f e r e n t i a l  equat ion f o r  
Cf (XI , 

It is  remarkable t h a t  equat ion  ( 3 3 ) ,  which is  p a r t  of t h e  ou te r  s o l u t i o n ,  
depends only on t h e  parameters Al(x)  = 0.5 c f (x )  Re% o r  ao(x) = cf%(x) Re% of 
t h e  inne r  s o l u t i o n  a f t e r  t h e  s a i d  s u b s t i t u t i o n  has been c a r r i e d  out .  Solu t ion  
of t h e  r e s u l t i n g  i n t e g r o - d i f f e r e n t i a l  equat ion  f o r  Al(x) o r  ao(x) determines 
t h e  p a r t i a l  sums of t h e  expansions ( 1 6 )  and ( 2 2 )  completely. Expression of 
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dG(@/d@ = ag(@, $;)/a$ by p a r t i a l  sums of e i t h e r  expansion then  enables  one 
t o  eva lua te  the  o u t e r  s o l u t i o n  completely i n  t h e  range $5 < $ < co by use of  
equat ion  (32). For both  t h e  inne r  and the  o u t e r  s o l u t i o n ,  t h e  ou t l ined  match- 
ing process  r ende r s  the va lues  of g(@, $&) co inc iden t  and a l s o  the  va lues  of 
ag(@, $;)/a$. however, as determined from these  
two s o l u t i o n s  are d i f f e r e n t  as is seen by comparison of t h e  p e r t i n e n t  d i f -  
f e r e n t i a l  equat ions  ( lob)  and (29). - 

- 
The values of a2g(@', 

By t h e  o u t l i n e d  matching procedure, P r a n d t l ' s  boundary l a y e r  problem has 
been reduced t o  t h e  s o l u t i o n  of one approximately v a l i d  i n t e g r o - d i f f e r e n t i a l  
equat ion  which r e p l a c e s  t h e  p a r t i a l  d i f f e r e n t i a l  equat ions  ( 4 )  and (5), o r  
( lo) ,  p lus  the p e r t i n e n t  i n i t i a l  and boundary condi t ions  (11) - (15). This 
r educ t ion  is r e p r e s e n t a t i v e  of a c l a s s  of he red i t a ry - type  problems which are 
equ iva len t  t o  i n t e g r o - d i f f e r e n t i a l  equat ions depending on one va r i ab le .  

Numerical s o l u t i o n s  of P r a n d t l ' s  boundary l a y e r  problem are g r e a t l y  
f a c i l i t a t e d  by use  of t he  i n t e g r o - d i f f e r e n t i a l  equat ion  (36) f o r  c f ( x ) ,  whose 
d e r i v a t i o n  has  been p o s s i b l e  because the  c o e f f i c i e n t s  of t he  expansions (16) 
and (22) are g iven  by closed-form expressions,  (19) - (21) o r  (24) - (26). 
The c o e f f i c i e n t s  of bo th  Blas ius '  and G'drtler's series edpansions,  though, 
are determined by o rd ina ry  d i f f e r e n t i a l  equat ions,  I n  add i t ion ,  these  
expansions r e q u i r e  a n a l y t i c a l  expressions f o r  t h e  v e l o c i t y  d i s t r i b u t i o n s  
ue(x) ,  uw(x), and vw(x) a t  the  boundaries,  whereas t h e  method presented he re  
is app l i cab le  under less s t r i n g e n t  condi t ions  (see Sec t ion  X). 

V I I .  THE, NUMERICAL SOLUTION PROCXDURE 

A g r i d  of no t  n e c e s s a r i l y  cons tan t  u n i t  l eng th  L@ is  introduced along 
t h e  @(x)-axis t o  so lve  equat ion  (36) f o r  A 1 ( B  = 1 / 2  cf(a R e x  o r  
a,'(@ = cf(B Rex. Suppose t h i s  s o l u t i o n  has  a l r e a d y  been obtained s t e p w i s e  
i n  t h e  range 0 < @ 5 The r ight-hand s i d e  of equat ion  (36) then can be 
approximated by Lagrangian i n t e g r a t i o n  methods f o r  0 < @ 5 
ag(@, $;)/.a$ i s  unknown between &,l and &; i t  i s  approximated i n  t h i s  sec- 
t i o n  of t h e  @-axis by a polynomial whose c o e f f i c i e n t s  depend on the  numerical 
va lues  which ag/a$ takes  a t  the  po in t s  &, &,l, &-,=, ..., on the  stream l i n e  
$ = I);. The r ight-hand s i d e  of equat ion (36) then  can be evaluated i n  c losed 
form between &-l and &. 
integrand a t  !he upper l i m i t  @ =  & of t h e  i n t e g r a l ,  

The func t ion  

This procedure removes t h e  s i n g u l a r i t y  of t he  

By use  of (9) , both  g (&, $;) and ag (@, $;)/a$ i n  equat ion  (36) are 
expressed i n  terms of t h e  expansions (16) o r  (22). According t o  the  r ecu r s ion  
formulas (20) o r  (26),  t h e  c o e f f i c i e n t s  An and an i n  these  expansions depend 
on t h e  intermediate  c o e f f i c i e n t s ,  i.e. , AP = A i ( @ ,  A-1,  ... , &-IJ A l l ,  ..., Ah-2)  
and an = an(@, ao, ... , an-lJ a:, ..., an-,), 
l i n e s  i n  Figures  5 and 6, the numerical s o l u t i o n s  presented  i n  t h i s  p a p e r  have 
been obtained by r ep lac ing  t h e  f i r s t - o r d e r  d e r i v a t i v e s  i n  these  r ecu r s ion  

With the  except ion of the  dashed 
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formulas f o r  An and an by backward d i f f e r e n c e  quo t i en t s ,  A'.( 
= [Aj(&)  - A j ( h - l ) ]  ue(&)/@. 
improved by use of unsymmetric f i n i t e  expressions f o r  A'.(,0). I n  any case,  how- 
ever ,  i f  a prescr ibed  round-off e r r o r  i s  not  t o  be exceeded, the  number of d i g i t s  
c a r r i e d  i n  the  computations must increase  wi th  the number of terms i n  the p a r t i a l  
sums of (16) o r '  (22). This ev iden t ly  i s  a disadvantage s ince  p a r t i a l  sums of 
(16) o r  (22) wi th  a t  l e a s t  10 terms have t o  be used as x + x s  according t o  Fig- 
u re s  4,  6, and 9 .  Whereas An depends on A l l ,  ..., Ah-2 according t o  the  r ecu t -  
s i o n  formulas (20), the  s p e c i a l  expressions (21) f o r  the  c o e f f i c i e n t s  An show 
that the  o rde r  of the  h i g h e s t  d e r i v a t i v e  of A, i n  t he  equat ion f o r  An increases  
considerably slower than n. The recu r s ion  formulas (26) f o r  the c o e f f i c i e n t s  
an  can be solved s tepwise t o  g ive  s p e c i a l  expressions f o r  the  c o e f f i c i e n t s  an 
comparable t o  the  r e l a t i o n s  (21). Forthcoming a p p l i c a t i o n s  of the  s o l u t i o n  
method presented  he re  w i l l  be  c a r r i e d  out  by use of the s p e c i a l  expressions (21) 
f o r  t h e  c o e f f i c i e n t s  An and by use  of genera l ized  ve r s ions  of (21) t o  account 
f o r  mass t r a n s f e r  a t  t he  wa l l  which is supposed t o  be zero i n  the  r e l a t i o n s  (21).  
The d e r i v a t i v e s  of A, i n  the  express ion  (21) a r e  rep laced  by the  following 
unsynnnetric f i n i t e  formulas,  Ch. 111 of Reference 8: 

) = dAj(&)/dx Jh The accuracy of t h i s  r ep resen ta t ion  could be 

3 
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The l a s t  term i n  each one of these  r e l a t i o n s  i n d i c a t e s  the next  nonvanishing 
term of the  Taylor expansion a t  &. 

It has been shown i n  the  preceding paragraph t h a t  both g(@',, $;) and 
ag(&, $;)/a$ can be expressed as func t ions  of the unknown numbers A,(&) o r  
a,(%) when the  method under d i scuss ion  is app l i ed  t o  determine the s o l u t i o n  
a t  t he  po in t  @ = &. I n  t h i s  way, the i n t e g r o - d i f f e r e n t i a l  equat ion (36) wi th  
the upper l i m i t  $ 3 ~  of the  i n t e g r a l  becomes a nonl inear  ord inary  equat ion f o r  
A,(%) o r  a,(&), provided (36) has a l r eady  been so lved  i n  0 < @ 6 &-,. This 
ord inary  equat ion can be solved i t e r a t i v e l y ,  s t a r t i n g  from a s t r a i g h t - l i n e  con- 
t i n u a t i o n  of the  numerical va lues  of A, o r  a, a t  the  g r i d  po in t s  @ N - ~  and (a~-,. 
The r e s u l t s  presented  i n  t h i s  paper have been computed by use of a to le rance  
of 0.01 percent  i n  the  i t e r a t i o n s  f o r  A,(&) o r  a,(&). 

ag(&, $:)/a$ i n  (36) a s  func t ions  of & and a,(&), t he  powers [$ - $w(&)]' 
i n  (22) can be eva lua ted  d i r e c t l y  s i n c e  $ = $3 = cons t .  However, when p a r t i a l  
sums of (16) a r e  employed t o  determine A,(&), the  powers of y i n  (16) cannot 
be obtained d i r e c t l y  s i n c e  the  i n t e r s e c t i o n  of the  s t ream l i n e  $ = $6 with  the  
g r i d  l i n e  @ = @p~ depends on u(@N, $5) and thus on A,(*). 
sented  i n  t h i s  paper by use of expansion (16) have been obtained by employing 
the  r e l a t i o n  

When p a r t i a l  sums of expansion (22) a r e  used t o  express  g(@N, and 

The r e s u l t s  pre-  

;k 
which r ep resen t s  t he  tangent  t o  the  s t ream l i n e  $ = $: a t  t he  po in t  h-1, $a. 
A b e t t e r  va lue  f o r  yfi could be obtained by use of a quadra t i c  equat ion f o r  
$ = $3 between &-, and % which employs the  a l r eady  known va lues  of &/ax, 
au/ay,  &/ax,  and av/ay a t  the po in t  &-ly $6. 

The d i f f e r e n t i a l  equat ion (29) f o r  the  o u t e r  s o l u t i o n  has been obtained 
by s u b s t i t u t i n g  one f o r  u/ue i n  the  r igorous  d i f f e r e n t i a l  equat ion ( lob ) .  
gene ra l ,  u/ue decreases  a s  @ increases  a long any given s t ream l i n e  $ = $6 i n  
the boundary l aye r ;  i . e . ,  the  l i n e a r i z a t i o n  e r r o r  of the  o u t e r  s o l u t i o n  increases  
wi th  t h e  coord ina te  @ which measures along the  s t ream l i n e  $ = $:. It is 
s p e c i f i e d ,  t he re fo re ,  t h a t  u/ue along any g iven  s t ream l i n e  changes only wi th in  
the  a r b i t r a r i l y  prescr ibed  bounds U1 and U2, 

In  
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The i n e q u a l i t i e s  0 < U and U, < 1 a r e  a consequence of Sec t ion  11. When, f o r  

(see Figure  l), the  employed p a r t i a l  sum of expansion (16) o r  (22) is evaluated 
on the  l i n e  ,GJ = 
$&, a t  which 

the  f i r s t  t i m e ,  u(@, $&)/Ue(pl) $ g e t s  smal le r  than U2 a t  the  g r i d  po in t  @wl 
$ > $5 t o  determine by t r i a l  and e r r o r  a po in t  @wl, 

is approximately equal  t o  U1. This f i x e s  a new stream 
serves as t h e  boundary of HI and HIIYottl. I n  genera l  

ine  $ = $&+I which 

wi th in  the  s e c t i o n  $& < $ < $&, of the l i n e  @ = @ml. 
con t inu i ty  a f f e c t s  ag(@, $)/a@ i n  t h i s  s ec t ion .  
have any consequences wi th  r e s p e c t  t o  the  approximate c a l c u l a t i o n  procedure 
being presented.  
hand s i d e  of (36) i n  the  range 0 < @ 5 @ctl. This func t ion  can be determined 
along the  new s t ream l i n e  $ = I@+= by employing (32). 

The same type of d i s -  
These d i s c o n t i n u i t i e s  do not  

The func t ion  dg(@, $z+l)/?3$ is needed t o  eva lua te  the r i g h t -  

The s t a r t  of t he  numerical s o l u t i o n  procedure is now considered.  Avail-  
a b l e  s tandard  quadra ture  formulas r e q u i r e  a s u f f i c i e n t  number of g r i d  po in t s  
gi between @ = 0 and @ = h-l t o  eva lua te  the  i n t e g r a l  i n  the  right-hand s i d e  
of (36). Because of t h i s  reason,  i t  is advisable  t o  employ the  r igorous  s t ag -  
na t ion  po in t  s o l u t i o n  i n  a s u f f i c i e n t l y  small  neighborhood Ho (Figure 1) of 
t h e  s t agna t ion  p o i n t  be fo re  the  ou t l ined  numerical s o l u t i o n  procedure of equa- 
t i o n  (36) is appl ied  beginning a t  the  g r i d  po in t  @(xo) + @@. The s t a t i o n  
x = xo is  determined s o  t h a t  ue(x) can be approximated -- - i n  Ho wi th  s u f f i c i e n t  
accuracy by the  s t r a i g h t  l i n e  express ion  ue = (aL/%,)x of t he  s t agna t ion  po in t  
s o l u t i o n ,  see Ch. V of Reference 48. Tables of t h i s  s o l u t i o n  p resen t  t he  
func t ion  (au/ay)/x=(dg/d$)/2xwhich appears i n  the  integrand of equat ion (36).  
The po r t ion  between @ = 0 and $3 = @(xo) of t h i s  i n t e g r a l  then can be eva lua ted  
by use of s tandard  quadra ture  formulas and i n t e r p o l a t i o n  of the  t a b l e s .  The 
numerical eva lua t ion  of the i n t e g r o - d i f f e r e n t i a l  equat ion (36) begins a t  t h e  
p o i n t  @(xo) + A,@, $r:, whose coord ina te  $: is s e l e c t e d  s o  t h a t  t he  s t agna t ion  
p o i n t  s o l u t i o n  g ives  u(xo, qE)/ue(xo) 2 u,; see (39) .  

According t o  the  preceding paragraph, the  numerical s o l u t i o n  procedure of 
equat ion (36) starts wi th  a r e l a t i v e l y  small increment qa/ i n  order  t o  have a 
s u f f i c i e n t  number of g r i d  po in t s  gi i n  the  range 0 < gi < @(xo) t o  be handled 
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by use  of t h e  s t a g n a t i o n  po in t  s o l u t i o n .  This s t e p  s i z e  @may be increased  
several times during any p a r t i c u l a r  boundary l a y e r  eva lua t ion  t o  save compu- 
t a t i o n  time. o r  blowing, @ m u s t  
be small enough as compared t o  t h e  width of t he  s l o t s  i n  the  w a l l .  Evident ly ,  
s i g n i f i c a n t  round-off e r r o r s  are incur red  i f  @ is too small as compared t o  
t h e  number of d i g i t s  c a r r i e d  i n  the  computation scheme. The numerical r e s u l t s  
presented  i n  t h i s  paper have been obtained by use  of a n  IBM 1620 d i g i t a l  com- 
p u t e r  wi th  40,000 d a t a  s t o r a g e  spaces.  
powers of ten) have been used i n  the  computation program. 

I n  case of a per fora ted  w a l l  wi th  s u c t i o n  

Seven d i g i t  numbers (and two d i g i t  

V I I I .  ERROR ANALYSIS 

Wit t ing [72] has  shown t h a t  P rand t l ' s  boundary l a y e r  equat ions (4) and 
(5) are s t a b l e  wi th  r e s p e c t  t o  t h e  propagat ion of small e r r o r s  ("disturbances" 
of t he  v e l o c i t y  p r o f i l e )  i f  Du/Dt u(au/ax)  + v(hu/ay)  h 0. The " s t a b i l i t y  
boundary" Du/Dt = 0 begins  a t  the  po in t  of maximum shea r  stress a t  t h e  w a l l  
and approaches asymptot ica l ly  t h e  l i n e  x = 5 which is def ined  by dp(xm)/dx = 0. 
I n  t h e  v i c i n i t y  of any p o i n t  (xl, yl) where Du(xl, yl)/Dt < 0, d i s turbances  
e x i s t  which inc rease  a t  least  l o c a l l y  wi th  x > xl. It is mentioned without  
proof i n  Reference 72 t h a t  von Mises' boundary l a y e r  equat ion (10) is s t a b l e  
wi th  r e s p e c t  t o  the  propagat ion of e r r o r s  i n  t h e  reg ion  of decreasing pressure .  

The numerical s o l u t i o n  procedure presented  i n  t h i s  p a p e r  employs equa- 
t i o n s  which are c l o s e l y  r e l a t e d  to ,  bu t  never the less  d i f f e r e n t  from P r a n d t l ' s  
o r i g i n a l  boundary l a y e r  equat ions.  While i n s t a b i l i t y  of t h e  presented method 
wi th  r e s p e c t  t o  the  propagat ion of e r r o r s  then is poss ib l e  even i n  the  boun- 
dary l aye r  reg ion  where Du/Dt 2 0, t h i s  type of i n s t a b i l i t y  has no t  been 
observed s o  f a r  i n  any numerical a p p l i c a t i o n  of t he  method. Di f fe rence  
methods a r e  s t a b l e  i n  t h i s  r e s p e c t  i f  a c e r t a i n  s t e p  s i z e  r a t i o  is no t  
exceeded [29, 711. 

The der ived method is subjec ted  t o  the  unresolved convergence (and thus 
ex is tence)  problem of the  expansions (16) and (22). I n  add i t ion ,  t he  following 
sources  of e r r o r  can be l i s t e d :  

(a) A s u f f i c i e n t l y  l a r g e  number of terms has t o  be eva lua ted  i n  
t h e  p a r t i a l  sums of (16) o r  (22) t o  r ep resen t  u a c c u r a t e l y  i n  
s e c t i o n s  x = const . ,  OS y 5 y (x). Since y'?(x) i n  genera l  
increases  wi th  x, the  number of terms a v a i l a b l e  f o r  eva lua t ion  
may be too  small as x + xs. 

?k 

(b) The ou te r  s o l u t i o n ,  which asymptot ica l ly  tends towards the  
r igorous  s o l u t i o n  as y (or  +) goes t o  i n f i n i t y ,  is used a t  
a t  r e l a t i v e l y  small va lues  of y (or  q) .  

(c) L inea r i za t ion  e r r o r s ,  round-off e r r o r s ,  e t c . ,  are  incur red  i n  
the  numerical s o l u t i o n  procedure. 
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The inf luence  of e r r o r  sources  (a )  and (b) may be diminished i f  p a r t i a l  sums 
of (16) o r  (22) a r e  used f o r  a subregion of HI ad j acen t  t o  the  w a l l  only.  
For the  remainder of HI, s o l u t i o n s  of a l i n e a r i z e d  ve r s ion  (C-13)  of von Mises' 
boundary l a y e r  equat ion ( lob)  a re  employed according t o  Appendix C. 

The d iscuss ions  of t h i s  s e c t i o n  i n d i c a t e  t h a t  both the  v a l i d i t y  and the  
accuracy of the der ived  method a r e  r a t h e r  ques t ionable ,  a s  i s  t r u e  f o r  the  
ma jo r i ty  of approximate methods i n  boundary l a y e r  theory.  These shortcomings 
of the  der ived method can be overcome i f  t he  method is employed toge ther  w i th  
the  lemma of Nagumo and Westphal t o  determine r igo rous ly  v a l i d  bounds of exac t  
so lu t ions .  The c a l c u l a t i o n  procedure f o r  these  bounds is ou t l ined  b r i e f l y  i n  
Appendix D. 

IX. APPLICATION OF THE METHOD TO THE CIRCULAR CYLINDER 

The method a s  der ived  i n  t h i s  p a p e r  r equ i r e s  the  boundary l a y e r  t o  begin 
a t  a forward s t agna t ion  po in t .  This condi t ion  is s a t i s f i e d  by the  v a s t  
ma jo r i ty  of flows p a s t  p r o f i l e s  i n  engineer ing f l u i d  dynamics. 'With s l i g h t  
modi f ica t ions  r e f e r r i n g  t o  the  i n i t i a l  condi t ion  (ll), t he  method can be 
adapted t o  p r o f i l e s  wi th  a sha rp  leading edge. The d e s i r a b l e  t e s t  of t he  
accuracy of the  method, however, has t o  be c a r r i e d  out  he re  by use of boun- 
dary l a y e r  s o l u t i o n s  beginning a t  a s t agna t ion  po in t .  The most important 
t e s t  s o l u t i o n  of t h i s  type is Blas ius '  s e r i e s  expansion f o r  p r o f i l e s  symmetric 
wi th  r e s p e c t  t o  t h e  f r e e  stream. The shortcomings of t he  a v a i l a b l e  p a r t i a l  
sums of Blas ius '  expansion a r e  ou t l ined  i n  Appendix A. These d e f i c i e n c i e s  
have a l r eady  been d iscussed  i n  Sec t ion  I V  wi th  r e fe rence  t o  t h e  ( d u e ) -  
p r o f i l e s  i n  the  boundary l a y e r  p a s t  t he  c i r c u l a r  cy l inde r  wi th  ue = 2 s i n  cp 
and uw = vw = 0 (see Figures  2-9). For these  v e l o c i t y  d i s t r i b u t i o n s  a t  t he  
boundaries,  F igures  12 and 1 3  presen t  c f ( x )  Reg as fol lowing from the  p a r t i a l  
sum (28) of Blas ius '  expansion (27) and from the  der ived  method. The dashed 
l i n e s  i n  both f i g u r e s  have been obtained by employing the  s t agna t ion  poin t  
s o l u t i o n  f o r  0 < x I 0.077, i . e . ,  0 < cp 5 8.75" (see Sect ionVII) .  The dashed 
l i n e  i n  Figure 12 has been computed by use of expansion (16) f o r  x > 0.077, 
whereas the  dashed l i n e  i n  F igure  13  is  a r e s u l t  of employing (22) f o r  
0.077 < x 5 0.459 and expansion ( 1 6 )  f o r  x > 0.459. This procedure is 
explained by the  s i n g u l a r i t y  of expansion (22)  a t  the  sepa ra t ion  po in t  x = xs. 

Figures  12 and 1 3  e x h i b i t  s a t i s f a c t o r y  agreement between Blas ius '  expan- 
s i o n  and t h e  der ived  method i n  the  range 0 5 x < 0.785 of decreasing pressure .  
Since Blas ius '  expansion is r e l i a b l e  i n  t h i s  reg ion  according t o  Appendix A,  
the  e r r o r  sources  l i s t e d  i n  S e c t i o n V I I I  have only n e g l i g i b l e  inf luence  f o r  
x < 0.785. This is no t  n e c e s s a r i l y  t r u e  as x -+ xs. Owing i n  p a r t i c u l a r  t o  
the  inc rease  of t h e  displacement th ickness ,  the  maximum ord ina te s  y"(x) o r  
@(x) of the  p a r t i a l  sums of (16) o r  (22),  r e spec t ive ly ,  increase  considerably.  
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To c l a r i f y  t h i s  s i t u a t i o n ,  Table 1 p resen t s  a t  s e v e r a l  s t a t i o n s  x = const .  
numerical va lues  of the  ind iv idua l  terms i n  the  p a r t i a l  sums of expansions ( 1 6 )  
and (22 )  as employed t o  o b t a i n . t h e  c i r c u l a r  cy l inde r  r e s u l t 2  i n  Figure 13.  
Table 1 l i s t s  these  terms a t  the  boundary l i n e s  $ = $G(x, y") = const.  of HI 
where /An yn/n!l and lan qn1 take t h e i r  maximum values .  A s  exemplified by 
the  column f o r  x = 0.4586 i n  Table 1, the  numerical  va lues  of ]An yJCn/n!i and 
/ a n  $*nI decrease  r a p i d l y  wi th  increas ing  index n i f  only small  and medium 
va lues  of x a re  considered i n  the  range 0 < x < xs. 
decrease of / A n  ykn/n!l becomes slower and s lower a s  has been explained above. 
Since the  h ighe r  o rde r  terms have an apprec i ab le  inf luence  on the  numerical 
va lues  of t he  p a r t i a l  sums as x -+ xsy the  d a t a  presented  must become somewhat 
u n r e l i a b l e  because the  c o e f f i c i e n t s  An and an  have been computed by use of 
backward d i f f e r e n c e  quo t i en t s  f o r  t he  d e r i v a t i v e s  r a t h e r  than by the  more 
accu ra t e  unsynnnetric f i n i t e  expressions ( 3 7 )  (see Sec t ion  V I I ) .  Even though 
the  ind iv idua l  terms ]An y;kn/n!l l i s t e d  i n  Table 1 do no t  decrease f a s t  enough 
a t  x = 0.7974 as n inc reases ,  q u i t e  s a t i s f a c t o r y  r e s u l t s  f o r  t he  po in t  of 
s epa ra t ion  are  obtained as shown i n  the  fol lowing.  

A; x + x S ,  however, the  

Table 2 compares r e s u l t s  f o r  t he  p o i n t  of s epa ra t ion ,  x = xs and cp = cps, 
of the  boundary l a y e r  flow p a s t  the  c i r c u l a r  cy l inde r  w i th  ue = 2 s i n  cp and 
uw = vw = 0. According t o  Ch. I X  of Reference 48 ,  Blas ius '  expansion ( 2 8 )  
gives  sepa ra t ion  a t  cps = 108.8" ;  t h i s  va lue  is  u n r e l i a b l e  according t o  Appendix 
A and as seen  by comparison t o  a l l  t he  o the r  da t a  l i s t e d  i n  Table 2. Accord- 
.ing t o  Ch. XI1 of Reference 48 ,  a one-parameter K$rmdn-Pohlhausen i n t e g r a l  
method gave s e p a r a t i o n  a t  the  s a m e  po in t  as Blas ius '  expansion ( 2 8 ) .  Kosson's 
method [ 2 8 ] ,  s e e  Appendix By y i e l d s  s e p a r a t i o n  a t  cps = 102.45" which is con- 
s i d e r a b l y  lower than the  o the r  da t a  l i s t e d  i n  Table 2 .  
d i f f e r e n t i a l  method [57, 581 gives  s e p a r a t i o n  a t  cps = 104.45".  Witt ing 1711 
determined cps = 105.1" by a p p l i c a t i o n  of Blas ius '  expansion f o r  0 < x S 0.75 
and a c e r t a i n  e x p l i c i t  d i f f e r e n c e  scheme f o r  x > 0.75. Four r e s u l t s  of 
SchEnauer's i m p l i c i t  d i f f e r e n c e  method [ 5 4 ]  employing Crocco v a r i a b l e s  a r e  
l i s t e d ,  where h r ep resen t s  t he  increment of x, and n the  number of g r i d  po in t s  
i n  t h e  o the r  d i r e c t i o n .  The approach towards xs = 0.9117 is seen as h and 
n- l  decrease.  
t he  dashed l i n e  i n  F igure  13  i nd ica t e s  a change of .sign of c f (x )  Re% between 
the  neighboring g r i d  po in t s  0.894 and 0.906. 
derived method, t he re fo re ,  s epa ra t ion  is ind ica t ed  a t  xs = 0.90. 

T e r r i l l ' s  d i f f e rence -  

With regard t o  the  der ived method, t he  computer run  underlying 

I n  the  column pe r t a in ing  t o  the 

Even though e r r o r  estimates are not  a v a i l a b l e  f o r  any one of t he  d a t a  
l i s t e d  i n  Table 2 ,  i n spec t ion  of t he  va r ious  s e p a r a t i o n  po in t s  renders  
xs = 0.911, i.e., cps = 104.4",  t he  most l i k e l y  answer. It is expected t h a t  
the  r e s u l t s  of t he  der ived  method w i l l  approach t h i s  va lue  as the  s t e p s i z e  & 
is decreased and as the  c a l c u l a t i o n  method becomes more accu ra t e  i n  the  v i c i n i t y  
of t he  sepa ra t ion  p o i n t  due t o  employing t h e  s p e c i a l  formulas (21) f o r  t he  
c o e f f i c i e n t s  i n  connection wi th  expressions ( 3 7 )  f o r  t he  de r iva t ives .  Even 
now, t h e  r e s u l t s  of t h e  der ived  method look q u i t e  promising i n  v i e w  of the  
amount of eva lua t ion  work involved: they have been computed by so lv ing  an 
i n t e g r o - d i f f e r e n t i a l  equat ion depending on one v a r i a b l e  only,  whereas 
SchEnauer's, Ter r i l l ' s ,  and Wit t ing ' s  r e s u l t s  fo l low from di f fe rer ice  ?.ad d i f -  
f e r e n c e - d i f f e r e n t i a l  methods wi th  two independent v a r i a b l e s .  
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X. APPLICATION OF THE METHOD TO GENERAL CYLINDERS 

The a p p l i c a t i o n  of the  der ived  method t o  a r b i t r a r y  smooth p r o f i l e s  can 
be explained appropr i a t e ly  by d iscuss ion  of t he  following s p e c i a l  case: t he  
flow p a s t  an  impermeable cy l inde r  wi th  e l l i p t i c  c ross  s e c t i o n  having a r a t i o  
A = b /a  = 0.25 of minor a x i s  b t o  major axis a and the  major ax i s  a l igned  wi th  
the  f r e e  s t r e a m .  

A t  f i r s t ,  t h e  p o t e n t i a l  f low d i s t r i b u t i o n  U ~ ( X E )  is determined by con- 
formal r e p r e s e n t a t i o n  of t he  e l l i p s e  ( subsc r ip t  E) on t h e  c i r c l e  ( subsc r ip t  C) .  
The conformal r ep resen ta t ion  relates the  s inuso ida l  ue (xC) -d i s t r ibu t ion  t o  

(Ch. I1 of Reference 49) where the  po la r  angle  cpc measures from the  s t agna t ion  
point .  The conformal r e p r e s e n t a t i o n  g ives  the  following r e l a t i o n s  between cpc 
and the  Car tes ian  coordinates  5 and q of t he  plane of the  e l l i p s e :  5 = a cos 
and q = b s i n  cpc. The a r c  l eng th  xE is determined as a func t ion  of 5 (and 
thus cpc) by use of e l l i p t i c  i n t e g r a l  t ab l e s .  To f a c i l i t a t e  the computer 
eva lua t ions ,  Ue(xE) and i t s  p e r t i n e n t  d e r i v a t i v e s  are  represented  by poly- 
nomials 

'PC 

4 

and 

Each p a i r  of t hese  polynomials is v a l i d  f o r  a s u i t a b l y  s e l e c t e d  s e c t i o n  of 
PE-scal'e between 
presents  t he  c o e f f i c i e n t s  qyn and Bo 
 pa,^ t o   go+,,^. 

and @ a + l , ~ .  For the  e l l i p s e  under d iscuss ion ,  Table 3 
and a l s o  t h e i r  ranges 0.f v a l i d i t y ,  , 

The following expresgions have been used i n  Ho: 
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u = 39.8 % 
e 

f o r  

0 5 % 5 0.00313 

and and (42) 

0 s @ 5 0.1948 x E -  

For the  e l l i p s e ,  F igure  14 compares r e s u l t s  of t h e  der ived  method by use  
of expansion (16), s o l i d  l i n e ,  and expansion (22), dashed l i n e ,  both wi th  9 
terms evaluated.  It is remarkable t h a t  expansion (22) y i e l d s  good r e s u l t s  
q u i t e  c lose  t o  i t s  s i n g u l a r i t y  a t  the  s e p a r a t i o n  poin t .  Table 4 presen t s  t he  
numerical va lues  of t h e  ind iv idua l  terms An yn/n: a t  s t a t i o n  x = 0.7151 and 
y* = 1.830. It is seen  t h a t  the  terms decrease  f a i r l y  r a p i d l y  wi th  increas ing  
index n, even though y* exceeds one cons iderably  and even though t h e  u - p r o f i l e  
i n  sec t ions  x = const .  has acquired a p o i n t  of i n f l e c t i o n  a t  x = 0.53, i.e., 
a considerable  d i s t a n c e  upstream of x = 0.7151. 

Unfortunately,  no accu ra t e  da tg  pere a v a i l a b l e  t o  check the  curves p re -  
sen ted  i n  F igure  14. Resul t s  of a Kdrmdn-Pohlhausen'integral method f o r  t he  
e l l i p s e  under d i scuss ion  are g iven  i n  a ve ry  s m a l l  graph i n  Ch. X I 1  of Refer- 
ence 48. 
par i son  t o  the  r e s u l t s  deriwed he re  is r a t h e r  ques t ionable .  
mentioned only t h a t  t h e  p o i n t  of s e p a r a t i o n  is es t imated  a t  x = G/f ,  = 0.86 
from the  graph i n  Reference 48, whereas t h e  s o l i d  l i n e  i n  F igure  14 i n d i c a t e s  
s epa ra t ion  a t  x = 0.86. 

Since t h i s  graph can be  read  only wi th  cons iderable  e r r o r ,  a com- 
It should be 

It is q u i t e  remarkable t h a t  t he  de r ived  method g ives  s a t i s f a c t o r y  r e s u l t s  
f o r  t he  e l l i p s e  under d i scuss ion  even though equat ions (403 and (41) approxi- 
mate ue(&) by polynomials whose d e r i v a t i v e s  possess  a t  least  one d i s c o n t i n u i t y  
a t  each t r a n s i t i o n  p o i n t  between neighboring polynomials. 
t h a t  the  der ived  method is app l i cab le  i f  ue(x) is represented  by a func t ion  
wi th  piecewise continuous d e r i v a t i v e s  provided t h e  d i s c o n t i n u i t i e s  are s u f -  
f i c i e n t l y  small. 
Both Blasius '  and G'drtler's expansions (see In t roduc t ion )  r e q u i r e  a n  a n a l y t i c a l  
func t ion  f o r  ue(x)  o r  t h e  r ep resen ta t ion  of ue(x) by one polynomial f o r  t he  
e n t i r e  x-range t o  be covered by t h e  series s o l u t i o n .  

It may be concluded 

This cons idera t ion  should a l s o  apply t o  uw(x) and vw(x). 

XI.  APPLICATION OF THE METHOD TO BOUNDARY LAYER FLOWS WITH MASS TRANSFER 

It is known t h a t  t h e  sepa ra t ion  po in t  of a laminar boundary l a y e r  can 
be inf luenced by mass t r a n s f e r  ac ross  the  w a l l ,  e ,g , ,  Ch, X I 1 1  of Reference 48. 
Both blowing and s u c t i o n  demand a w a l l  wi th  pores o r  s l o t s  and a s u i t a b l e  
plumbing system. 
vec to r  wi th  components p%(x) and pvw(x) is. determined by the  angle  e which 

The l o c a l  i n c l i n a t i o n  e = tg'l(vw/u,) of t h e  mass t r a n s f e r  
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t hese  channels make re la t ive  t o  the  w a l l ' s  ou te r  tangent  plane a t  s t a t i o n  
x = const.  Design cons idera t ions  r e q u i r e  181 t o  exceed a c e r t a i n  minimum 
value.  The case  8 = 0 rep resen t s  a moving w a l l  wi thout  m a s s  t r a n s f e r .  The 
case  uw, jwl(x) = cj-l  = cons t ,  f o r  xj-& 5 x I X j  and vw(x> f 0 can be r e a l i z e d  by 
p lac ing  a conveyor b e l t  of speed c -  
I f  t he  pores and/or  s l o t s  are s u f f i c i e n t l y  densely d i s t r i b u t e d  over a reg ion  
of t he  w a l l ,  t h e  r a p i d l y  f l u c t u a t i n g  func t ions  p%(x) and pvw(x) may be averaged, 
i.e., rep laced  by smoother o r  even cons tan t  func t ions  puw(x) and pvw(x). 

i n  the segment X j - 1  I x 5 x j  of the  w a l l .  4-1 

The der ived  method has been appl ied  t o  s tudy  the  boundary l a y e r  on a c i r -  
c u l a r  cy l inde r  by use  of expansion (16) f o r  t he  f i v e  mass t r a n s f e r  s i t u a t i o n s  
l i s t e d  as cases 2 - 6 i n  Table 5. The func t ion  M ( x )  i n  Table 5 is def ined as 
f 01 1 ows : 

f o r  0 5 x 5 0.08, 

M(x) = f o r  0.08 S x 5 0.12, and ( 4 3 )  

(o.2 f o r  0.12 5 x 5 xs. 

The continuous t r a n s i t i o n  func t ion  N(x) s a t i s f i e s  t h e  condi t ions N(O.08) = 0 
and N(0.12) = 0.2. For s i m p l i c i t y ,  m a s s  t r a n s f e r  is assumed t o  be zero f o r  
x 5 0.08 s o  t h a t  t h e  t a b l e s  g iven  i n  Ch. V of Reference 48 can be used f o r  t he  
s t a g n a t i o n  po in t  s o l u t i o n  i n  &,. It is poss ib l e ,  though, t o  s o l v e  t h e  p e r t i -  
nent  ord inary  d i f f e r e n t i a l  equat ion i n  a v i c i n i t y  of t h e  s t a g n a t i o n  po in t  i f  
bo th  uw(x) and vw(x) are  cons tan t  there .  

Figure 15 p resen t s  cf(x) Re% as following from the  der ived  method f o r  
cases  1 - 3 i n  Table 5. I n  these  t h r e e  cases ,  uw(x) = 0. A s  compared t o  a 
zero m a s s  t r a n s f e r  s i t u a t i o n ,  normal s u c t i o n  raises the  c f (x)  Re%-curve and 
delays sepa ra t ion  a t  t he  same time. Normal blowing has the  oppos i te  e f f e c t .  
Figure 16 shows c f ( x )  Re% f o r  cases 4 - 6 i n  Table 5 which p e r t a i n  t o  p o s i t i v e  
t a n g e n t i a l  v e l o c i t y  components a t  the  w a l l .  The normal mass t r a n s f e r  component 
pvw(x) exerts the  same q u a l i t a t i v e  e f f e c t  on the  s e p a r a t i o n  p o i n t  r ega rd le s s  of 
whether p%(x) is p o s i t i v e  o r  zero. Comparison of Figures  15 and 16 shows t h a t  
t he  a p p l i c a t i o n  of a p o s i t i v e  t angen t i a l  m a s s  t r a n s f e r  component p%(x) dimin- 
i shes  c f ( x )  R e x  and s h i f t s  xs i n  the  downstream d i r e c t i o n ,  F igure  17 p resen t s  
c f ( x )  R e x  f o r  cases  1, 2, and 4 of Table 5. This f i g u r e  demonstrates t h a t  t he  
a p p l i c a t i o n  of t h e  t angen t i a l  mass t r a n s f e r  component M(x)  2 0, case 4,  more 
than 'compensates f o r  the  s h i f t  of xs i n  upstream d i r e c t i o n  when a normal blow- 
ing s i t u a t i o n ,  M(x) 2 0, case 2, .  is compared t o  zero mass t r a n s f e r ,  case' 1, 
With regard t o  t r a n s p i r a t i o n  cool ing of a wa l l ,  it may be concluded t h a t  t he  
undes i rab le  inf luence  which normal blowing exe r t s  on the  l o c a t i o n  of the  separa-  
t i o n  p o i n t  can be avoided by i n c l i n i n g  the  j e t s  emi t ted  from the  s l o t s  o r  ho les  
i n  the  downstream d i r e c t i o n .  
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Figure  18 p resen t s  cf(x) Reg as following from t h e  der ived  method by use 
of expansion (16) f o r  a cy l inde r  w i th  the  e l l i p t i c . c r o s s  s e c t i o n  employed i n  
Sec t ion  X: r a t i o  h = b / a  = 0.25 of minor axis b t o  major axis a,  and major 
axis a l igned  wi th  the  f r e e  stream. The s o l i d  l i n e  r ep resen t s  t he  zero mass 
t r a n s f e r  case  of F igure  14. The dashed l i n e  s t a n d s  f o r  t he  mass t r a n s f e r  
s i t u a t i o n  def ined i n  equat ion  ( 4 3 )  when N(0.12) = 0.2, uw(x) E 0, and 
vw(x) = - M(x). 
-0.2 5 vw(x) 
reg ion  of acce le ra t ed  boundary l a y e r  flow, except  a t  the  peak of t he  w a l l  
f r i c t i o n .  

It is  seen  i n  F igure  18 t h a t  t h i s  d i s t r i b u t i o n  of suc t ion ,  
Rex cw(x)/&, -S 0, has n e g l i g i b l e  inf luence  on c f (x)  R e x  i n  t h e  

The der ived  method has been appl ied  by use  of expansion (16) to  c a l c u l a t e  
t h e  boundary l a y e r  p a s t  a c i r c u l a r  cy l inde r  w i th  ue(x) = 2 s i n  cp and s u c t i o n  
through a sequence o f  s l o t s  i n  the  cy l inde r  w a l l .  A continuous d i s t r i b u t i o n  
vw(x) = - 0.2 s i n 2  [(x - xg)/(xgtl - x ) ]  was assumed over the  widtp 
XB 5 x S x w l  of each s l o t .  The smoot! curve r ep resen t ing  cf(x) Reh f o r  t he  
c i r c u l a r  cy l inde r  wi thout  m a s s  t r a n s f e r  becomes wavy due t o  the  presence of 
slots. Numerical r e s u l t s  are not  presented he re  because of a s t i l l  unresolved 
s t a b i l i t y  phenomenon: 
decreases  r a p i d l y  wi th  increas ing  n provided the sl 'ots are r e s t r i c t e d  t o  a 
r eg ion  where c i ( x )  R e x  exceeds a small negat ive  number; t he  presence of s l o t s  
i n  t h e  reg ion  of s t r o n g l y  decreasing w a l l  f r i c t i o n ,  though, causes the  compu- 
t a t i o n  procedure t o  become unstable .  This f a i l u r e  of t he  der ived method may 
very  w e l l  d i sappear  i f  s p e c i a l  formulas f o r  t h e  c o e f f i c i e n t s  are employed, 
similar t o  (21), i n  connection wi th  the  expressions (37) f o r  t he  d e r i v a t i v e s  
of A,(x). Necessar i ly ,  however, t h e  accuracy of approximating the  inne r  so lu-  
ti& by polynomials w i t h  a given number of terms must decrease as cf (x)  R e x  
becomes wavy due t o  t h e  concent ra t ion  of mass t r a n s f e r  i n  narrow s l o t s .  A 
comparable inf luence  on the  accuracy is t o  be expected f o r  wavy func t ions  ue(X); 
i n  p a r t i c u l a r ,  theorem (IIa) i n  Sec t ion  I1 i n d i c a t e s  t h a t  the  number of po in t s  
of i n f l e c t i o n  of u(x,  y) i n  s e c t i o n s  x = const .  i nc reases  toge ther  w i th  t h e  
changes of s i g n  of u&(x). 
der ived  method depends on the  smoothness of u(x,  y) i n  H. 

t h e  magnitud? of t h e  terms An yn/n! i n  expansion (16) 

These cons idera t ions  show t h a t  the  accuracy of  t he  

8 0  

X I I .  COMPARISON W I T H  KARMAN-POHLHAUSEN INTEGRAL METHODS 

A s  is exemplif ied by t h e  sepa ra t ion  d a t a  l i s t e d  i n  Table 2, t h e  accuracy 
of one-parameter i n t e g r a l  methods is r a t h e r  u n s a t i s f a c t o r y  i n  the  reg ion  of 
lncreas ing  pressure .  
is neglected i n  t h e  c a l c u l a t i o n s  a t  any g r i d  poin t .  A t  the expense of compu- 
t a t i o n  work, t h e  accuracy of integra1,methods can be  increased  by use of two 
form parameters. A t  every g r i d  po in t ,  a double i t e r a t i o n  is requi red  t o  de t e r -  
mine these  two parameters,  whereas the  method der ived  i n  t h i s  p a p e r  r e q u i r e s  
only a s i n g l e  i t e r a t i o n  f o r  2Al(x) = a$(x) = c f (x )  Rex. 
t h e  der ived method involves  a r eeva lua t ion  of t he  i n t e g r a l  i n  ( 3 6 )  a t  every 
g r i d  point .  
the v e l o c i t y  d i s t r i b u t i o n s  ue(x) ,  %(x) and vw(x) a t  the  boundaries possess  
piecewise continuous d e r i v a t i v e s  as discussed i n  Sec t ion  X. 

This is mainly due t o  t h e  f a c t  t h a t  the  upstream h i s t o r y  

I n  add i t ion ,  however, 

Both t h e  der ived  method and i n t e g r a l  methods are app l i cab le  when 
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As compared t o  i n t e g r a l  methods of any type, the der ived  method possesses  
t h e  following advantages i n  accounting f o r  t h e  phys ica l  c h a r a c t e r i s t i c s  of 
boundary l a y e r  flow: 

(1) The i n t e g r a l  i n  the r ight-hand s i d e  of equat ion (36) r ep resen t s  
e x p l i c i t l y  the e n t i r e  upstream h i s t o r y  of t h e  boundary l aye r ,  
whereas the  ord inary  d i f f e r e n t i a l  equat ions of i n t e g r a l  methods 
depend e x p l i c i t l y  only on an  i n f i n i t e s i m a l  neighborhood i n  flow 
d i r e c t i o n .  The importance of accounting f o r  t he  e n t i r e  h i s t o r y  
of t h e  boundary l a y e r  is discussed i n  t h e  In t roduc t ion  i n  con- 
nec t ion  wi th  References 39 and 50. 

(2) The der ived  method r ep resen t s  t h e  asymptot ic  t r a n s i t i o n  u(x,  y)+ 
ue(X) as y + a  i n  a r igorous  way, whereas t h i s  process  i n  i n t e -  
g r a l  methods can b e  approximated only by use  of special  func t ions .  

(3) The series expansions (16) and (22) s a t i s f y  an i n f i n i t e  number of 
compa t ib i l i t y  condi t ions  a t  t h e  w a l l  (see Ch. V I 1 1  of Reference 
4 8 )  whereas i n t e g r a l  methods i n  genera l  f u l f i l l  only t h e  f i r s t  
one of t hese  condi t ions.  P a r t i a l  sums of (16) o r  (22) wi th  n 
terms s t i l l  s a t i s f y  (n-1) compa t ib i l i t y  condi t ions .  

XIII. GENERALIZATIONS OF THE DERIVED METHOD 

A given axisyrmnetric boundary l a y e r  problem may be  so lved  by applying the  
der ived  method t o  t h e  p l ana r  boundary l a y e r  r e l a t e d  by Mangler's transforma- 
t i o n ,  e.g., Ch. X of Reference 48. By use  of assumptions as P rand t l  number 
one and l i n e a r  v i scos i ty- tempera ture  r e l a t i o n s h i p ,  Howarth [23],  I l l i ngwor th  
[25] , and Stewartson [56] have presented  t ransformations which g ive  compres- 
s i b l e  boundary l a y e r  s o l u t i o n s  i n  terms of incompressible  s o l u t i o n s  of t h e  
type  discussed i n  t h i s  paper. I n  a d d i t i o n  t o  t h e s e  r a t h e r  t r i v i a l  ex tens ions  
of t h e  range of a p p l i c a b i l i t y  of t h e  der ived  method, two genuine gene ra l i za t ions  
are d iscussed  i n  t h e  following. 

According t o  p. 152 of Reference 1 5 ,  von Mises' t ransformat ion  (6) and 
(7) y i e l d s  the  fol lowing d i f f e r e n t i a l  equat ions f o r  s t a t i o n a r y  laminar compres- 
s i b l e  boundary l a y e r  flow of a p e r f e c t  gas wi th  cons t an t  P rand t l  number: 

and 

2 -- - 
p c u - - = . -  

- -  - d?, pu  -- a- (--- af .> - (-- &) 
pe pe e dF; Pr a$ + P  Pu- I-lpcp c u - =  ax (45 1 
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I 

The thickness  of t he  v e l o c i t y  and the  temperature boundary l a y e r  are propor- 
t i o n a l  t o  Re% and Re% Pr%, r e spec t ive ly ,  according t o  Ch. X I V  of Reference 4 8 .  
Since Pr  2 1 i n  genera l  f o r  one-component gas flow, inner  and ou te r  s o l u t i o n s  
of both the  v e l o c i t y  and the  temperature boundary l a y e r ,  r e spec t ive ly ,  may be 
matched t o  each o the r  along one and the  s a m e  curve +*(x, y) ,  s epa ra t ing  the  
reg ion  HI of t he  inner  s o l u t i o n s  from the  reg ion  HII of t he  ou te r  so lu t ions .  
The parameter 

8 
n 

0 

is introduced t o  r ep lace  x o r  a. The ou te r  s o l u t i o n s  are def ined  by i n i t i a l  
and boundary condi t ions  of t he  type (31) and by the  following l i n e a r i z e d  and 
asymptot ica l ly  r igorous  forms of the  d i f f e r e n t i a l  equat ions ( 4 4 )  and ( 4 5 ) :  

and 

Af ter  s u i t a b l e  changes of no ta t ion ,  t h e  closed-form expressions der ived  i n  
Appendix C r ep resen t  the  ou te r  s o l u t i o n s  of ( 4 7 )  and ( 4 8 ) .  I n  p a r t i c u l a r ,  along 
the  stream l i n e  s e c t i o n s  $ = +: of the  boundary +';(x, yfC), the  ou te r  s o l u t i o n s  
take the form of ( 3 6 ) .  The inner  s o l u t i o n s  of t he  v e l o c i t y  and the  tempera- 
t u r e  boundary l a y e r  can be expanded i n  s e r i e s  of the  type ( 1 6 )  o r  (22) .  Sub- 
s t i t u t i o n  of pa r t i a l  sums i n t o  the  s a i d  boundary r e l a t i o n s  of the  ou te r  s o l u t i o n  
y i e lds  two simultaneous i n t e g r o - d i f f e r e n t i a l  equat ions of the  type ( 3 6 )  f o r  
t he  f r i c t i o n  c o e f f i c i e n t  c f (x )  and the  h e a t  t r a n s f e r .  c o e f f i c i e n t  ch(x).  In  
analogy t o  Sect ions V I  and V I I ,  t h i s  system can be solved i n  a s tepwise way 
by use of a double i t e r a t i o n  process  a t  each s t e p .  The i n t e r r e l a t i o n s h i p  
between u and T i n  compressible flow causes u(x,  y) and T(x, y) t o  possess  
maxima, minima, po in t s  of i n f l e c t i o n ,  etc. ,  f o r  i n i t i a l  and boundary d i s t r i -  
but ions which exclude these  complicating f e a t u r e s  i n  constant-property flow, 
[ 4 ] .  In  view of d iscuss ions  a t  t he  end of Sec t ion  X I ,  t h i s  s i t u a t i o n  r equ i r e s  
ca re fu l  a p p l i c a t i o n  of t he  der ived method t o  compressible boundary l a y e r  flow. 
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Because of t he  underlying assumption Re + m y  P r a n d t l ' s  boundary l a y e r  
theory i m p l i e s  u = O(Reo) and v = O(Re'x), i.e., IvI << u, e.g., Ch. VI1 of 
Reference 48. These impl ica t ions  of R e  are v i o l a t e d  i n  a c e r t a i n  v i c i n i t y  
of t h e  w a l l  i f  normal mass t r a n s f e r  is prescr ibed ,  +(x) 
Provided R e  >> 1 and Re% ICWl << i&, however, t h i s  v i c i n i t y  is r e s t r i c t e d  t o  
a narrow subregion of HI ad j acen t  t o  t h e  w a l l .  
th ickness  of t he  boundary l a y e r  i s  s u f f i c i e n t l y  s m a l l  s o  t h a t  p o t e n t i a l  f low 
p a s t  the  given p r o f i l e  determines ue(x) wi th  the  r equ i r ed  accuracy. To check 
t h e  v a l i d i t y  of boundary l a y e r  s o l u t i o n s  wi th  normal mass t r a n s f e r ,  a special  
second-order boundary l a y e r  theory is proposed which i n  HI employs the  corn- 
p l e t e  Navier-Stokes equat ions  (e.g., Ch. V of Reference 48), 

0 and vw(x) & 0. 

Under the  s a m e  condi t ions ,  t he  

u - + v - = - 3 X  ax d U  aU 3 Y  h+$-@$+B) 
and (49) 

and i n  HII t he  l i n e a r i z e d  v e r s i o n  (29) of von Mises' boundary l a y e r  equat ion 
(10). I n  HI, t he  expansions (16) are assumed f o r  u(x,  y) and v (x ,  y) which 
s a t i s f y  the  con t inu i ty  equat ion  (4) i d e n t i c a l l y .  The corresponding expansion 

M 

f o r  the pressure  p (x ,  y) i n  HI has t o  s a t i s f y  the  condi t ion  

M 

u 
n=O 

s i n c e  p(x,  y) E pe(x) i n  HII and on the  boundary l i n e  I$~(x) sepa ra t ing  HI and 
HI1 S u b s t i t u t i o n  of (16a), (16b), and (50) i n  (49) y i e l d s  the  c o e f f i c i e n t s  
as follows: 
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A2 = R e  BA, 

A 3  = - 2Ay, 

B1 = - A: Re'', 

B;1 = - B: 

The c o e f f i c i e n t s  An(X) , n 2 2, and Bn(x), n 2 1, depend on Al(x)  and Bo (x) 
only. The expansions (16) and (50) wi th  the  c o e f f i c i e n t s  given by (52) are 
s u b s t i t u t e d  i n  t h e  boundary r e l a t i o n  (33) of t h e  o u t e r  so lu t ion .  A system is 
obtained cons i s t ing  of t he  i n t e g r o - d i f f e r e n t i a l  equat ion  ( 3 6 )  and the  ord inary  
equat ion (51). A f t e r  app ropr i a t e  modi f ica t ions  have been made t o  account f o r  
(51), t h i s  system can be so lved  i n  a s t e p w i s e  way according t o  the  procedure 
ou t l ined  i n  Sec t ion  V I I .  

XIV. CONCLUSIONS 

P rand t l ' s  boundary l a y e r  problem is solved by matching ou te r  and inne r  
s o l u t i o n s  along t h e  stream l i n e  segments I) = I); of the  curve @(x) show i n  
F igure  1. The closed-form ou te r  s o l u t i o n  is obtained from a l i n e a r i z e d  v e r s i o n  
of von Mises' boundary l a y e r  equat ion;  the  l i n e a r i z a t i o n  e r r o r  tends t o  ze ro  
as y +a. 
With very  l i t t l e  eva lua t ion  work, a rough approximation of c f (x)  Reh is obtained 
by eva lua t ing  t h i s  r e l a t i o n  a t  the  w a l l ,  i .e . ,  f o r  I);,= qW. 
y i e l d s  a lower bound of t h e  exac t  f r i c t i o n  c o e f f i c i e n t  i f  uk(x) > 0. 

The inner  s o l u t i o n  is represented  by expansion (16) i n  powers of y o r  by 
expansion (22) i n  powers of ($ - qW)%. 
depend on c f (x )  Re% and on the  given v e l o c i t y  d i s t r i b u t i o n s  ue(x),  uw(x), and 
vw(x) a t  the  boundaries.  
t h i s  paper has been computed by use of genera l  expressions f o r  t he  c o e f f i c i e n t s  
and backward d i f f e r e n c e  quo t i en t s  f o r  t h e i r  d e r i v a t i v e s .  According t o  Sec t ion  
I V ,  h igher  order  terms cannot be determined w i t h  s u f f i c i e n t  accuracy i n  t h i s  
way. Spec ia l  formulas f o r  t he  c o e f f i c i e n t s  and unsynnnetric f i n i t e  expressions 
f o r  t h e i r  d e r i v a t i v e s  are proposed because of t h i s  s i t u a t i o n .  

The o u t e r  s o l u t i o n  y i e l d s  a r e l a t i o n  between g(@, $;) an? dg(@, I)g)/d$. 

This approximation 

The c o e f f i c i e n t s  of t hese  expansions 

The ma jo r i ty  of t he  numerical  r e s u l t s  presented i n  

I n  case  of t he  c i r c u l a r  cy l inde r  wi th  ue = 2 s i n  cp and uw = v, 0 the  

The s a i d  de f i c i ency  i n  computing 
accuracy of p a r t i a l  sums of (16) o r  (22) is t e s t e d  by use  of t he  a v a i l a b l e  
p a r t i a l  sum of Blas ius '  series expansion. 
t he  c o e f f i c i e n t s  mani fes t s  i t s e l f  only i n  a s m a l l  v i c i n i t y  of the  sepa ra t ion  
poin t .  Except f o r  t h i s  v i c i n i t y ,  a ten-term p a r t i a l  sum of (16) is s u f f i c i e n t  
t o  r ep resen t  Blas ius '  u -p ro f i l e  up t o  u/ue = 0.8. Even a t  x/xs = 0.85/0.90, 
the curves r ep resen t ing  p a r t i a l  sums wi th  9, 10, and 11 terms d i f f e r  very  l i t t l e  
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up t o  u/ue = 0.9 i f  c e r t a i n  shortcomings of Blas ius '  expansion a s  x + x s  are 
taken i n t o  account. Therefore ,  a n e g l i g i b l e  e r r o r  of t he  inner  s o l u t i o n  is 
t o  be expected i n  case  of t h e  c i r c u l a r  cy l inde r  i f  11-term p a r t i a l  sums are 
matched t o  the  o u t e r  s o l u t i o n  i n  a range of u/ue va lues  between U2 = 0.7 and 
U, = 0.85. According t o  Sec t ion  V I I ,  U1 and U2 determine the  choice and 
l eng th  of the  stream l i n e  segments $ = $* of t h e  curve QTik(x) sepa ra t ing  the  
regions of the  inner  and the  ou te r  s o l u t i o n s .  a 

Even though c f ( x )  R e x  has been computed by use of t he  s a i d  inadequate higher  
o rde r  c o e f f i c i e n t s ,  the  r e s u l t s  f o r  t he  c i r c u l a r  cy l inde r  y i e l d  sepa ra t ion  
q u i t e  c lose  (6(xs)/xs = 0.01) t o  the  most l i k e l y  l o c a t i o n  as given by o the r  
methods. S t i l l  b e t t e r  r e s u l t s  are expected as t h e  s t e p s i z e  Ax is decreased 
and as the  more adequate  way of c a l c u l a t i n g  t h e  c o e f f i c i e n t s  is employed. 
Even now, however, t he  r e s u l t s  of t h e  der ived  method, as compared t o  d i f f e r e n c e  
and d i f f e r e n c e - d i f f e r e n t i a l  methods, look q u i t e  promising i n  view of t he  com- 
pu ta t ion  work involved. 

The accuracy of approximating the  inne r  s o l u t i o n  by polynomials wi th  a 
given number of terms must decrease as c f ( x )  R e x  becomes wavy due t o  the  con- 
c e n t r a t i o n  of mass t r a n s f e r  i n  narrow s l o t s .  A comparable inf luence  on the  
accuracy is t o  be expected f o r  a wavy func t ion  Ue(X). The der ived method is 
app l i cab le  i f  ue(X), uw(x), and vw(x) are represented  by func t ions  wi th  piece-  
w i s e  continuous d e r i v a t i v e s  , provided the  d i s c o n t i n u i t i e s  are s u f f i c i e n t l y  
s m a l l .  A s  compared t o  i n t e g r a l  methods wi th  any number of form p a r a m e t e r s ,  
t he  der ived  method possesses  d i s t i n c t  advantages i n  account ing f o r  t he  physical  
c h a r a c t e r i s t i c s  of t he  boundary l a y e r  flow. About as much numerical work is 
involved as i n  two-parameter i n t e g r a l  methods. The method as der ived  r equ i r e s  
t h e  boundary l a y e r  t o  begin a t  a s t a g n a t i o n  poin t .  
t o  p r o f i l e s  w i th  a wedge-type nose. 

The method can be adapted 

By use of Mangler's t ransformation,  t he  der ived  method is immediately 
app l i cab le  t o  axisymmetric boundary l a y e r  flow. I f  Howarth's, I l l i n g w o r t h ' s ,  
o r  Stewartson 's  t ransformations are considered t o  be v a l i d ,  t h e  der ived method 
a p p l i e s  t o  compressible boundary l a y e r  flow. The ou t l ined  g e n e r a l i z a t i o n  of 
the  method t o  compressible boundary l a y e r  flow wi th  a r b i t r a r y  proper ty  l a w s  
r e q u i r e s  c a r e f u l  a p p l i c a t i o n  because of the  complexi t ies  of poss ib l e  v e l o c i t y  
and temperature p r o f i l e s .  The o the r  g e n e r a l i z a t i o n ,  a s p e c i a l  second o rde r  
boundary l a y e r  theory,  demands very  l i t t l e  e x t r a  work as compared t o  the  p r e -  
sen ted  ve r s ion  of t he  method. 

A s  is t r u e  f o r  t h e  vast  ma jo r i ty  of o the r  approximate methods i n  boundary 
l a y e r  theory,  no genera l  e r r o r  estimate is a v a i l a b l e  f o r  t he  der ived  method. 
For the  ou te r  s o l u t i o n ,  though, an estimate of t h i s  type  is der ived  by use of 
t h e  lemma of Nagumo and Westphal. According t o  the  b r i e f  o u t l i n e  given i n  
Appendix D, t h i s  lermna may be employed i n  conjunct ion wi th  the  der ived  method 
t o  determine r igo rous ly  v a l i d  bounds of exac t  boundary l a y e r  so lu t ions .  
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TABLE 1. NUMERICAL VALUES OF THE INDIVIDUAL TERMS I N  PARTIAL SUMS OF (16) AND 
(22) FOR THE CIRCULAR CYLINDER (FIGURE 13) 

E x p a n s  ion  (22) 
x = 0.4586 
cp = 52.6 

@* = 0.4812 

1.7378 

~ 

- ~ 

a 1  v 
-0.07844 
- - 

-0.01866 

0.71788 x lom2 
0.47181 x 

~ . ..- - . .- - 

-8.1764 x 

-3.4179 x lo-' 

I 

E x p a n s  i o n  (1 6) 

~ ... . 

-. 

A,, y*ll/ 11 ! 

A,, 

x = 0.701 
cp = 80.3 

y* = 0.967 

2.4064 
~ 

~ . .  

-0.61951 

0 

-0.58465 

0.53899 
- .__ 

-0.045237 

-0.15632 
. .- 

0.099186 
- 

-0.025'330 
- ..- 

0.8458 

x = 0.7974 
cp = 91.4 

yfe = 1.063 

1.8705 

0.10843 

0 

-0.91655 

-_ . . . . . 

- 

. . 

0.63629 

0.012295 
~. . -~ 

.. 

-0.21017 
- ~~ 

0.14460 
~ 

-0.034425 
-. -~ .. 

-0.053514 

0.077657 

-0.036679 

- . 

. . . . .- - - 

~ 

0.8009 
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TABLE 2. SEPARATION POINT xs OF THE BOUNDARY LAYER AT THE CIRCULAR CYLINDER 

1 

i Cements 

~ - , ,  

Author I Blasius " I KO;; I Wit;: ,-I Schanauer AdamsIBerry 
I 

I Reference 48,. Ch. I X  4 8 ,  Ch. XI1 54 
.1 

Par t i a l  One param- 1 Matching Difference 
sum ( 2 8 )  e t e r  inte-  
of s e r i e s  g ra l  method 
expans ion 

Separation 
Point 0.9495 
x = id212 reiration-l Angle cp 108.8' 1 108.8' 1 102.45' [ 105.08' 

0,9495 

DiffeEence Method Matching 
d i f f e ren t i a l  1 7  h=O. 1 0.1 ,- 0.005 I Nethod, 
Difference- 

104.45 ' 

I ,  
method n=10 , 100 I 100 , 300 1 prelimi- 

nary , " (  

r e su l t s  

0.898 0.9015 0.911 0.9117 0.90 0.9115 

102.90' 103.30' 104.39' 104.47' 103.13' 



TABLE 3 .  COEFFICIENTS I N  THE POLYNOMIAL EXPRESSIONS ( 4 0 )  AND ( 4 1 )  PERTAINING TO THE ELLIPSE 1 : 1 4  

0.0001948 5 ,@ 5 0.0070142 

0.0070142 5 ,@ 5 0.043883 

0.043883 5 ,@ 5 0.115 

0.115 5 ,@ 5 0.225 

~ 0.225 5 $35  1.05 

x- range  

1.8818843 x 

.0074851 

.01973704 

.01973704 

.035 

0.00313 5 x 5 0.01975 

0.01975 5 x 5 0.0603 

0.0603 5 x 5 0.1268 

0.1268 5 x 5 0.2156 

0.2156 5 x 5 0.88 

6.7492604 -1822.5411 

2.020792 -45.024752 

.94900275 - .59872593 

.94900275 -.59872593 

.81 0 

#-range 

8, 
0 

- .7586 

81 82 Bs 84 85 

39.794878 71.373905 -37698.06 967820.68 -8055491.6 

55.5 -1222.74 15310.324 -101552.94 27 3254.8 

.58034 

.93789 
Cont inued  

12.719 -94.949 253.07 0 

, 3.3253945 -13.5813 20.012511 0 

0 

0 

I 1.09941 I 1.0128348 I -2.62257 ~ 3.129756 I -1.45936 I 0 

~~~ 

305990.15 

944.09701 

1.0791514 

1 .0791514 

-18754890. 

-7800.. 1065 

-. 77037815 

-.77037815 



TABLE 4.  NUMERICAL VALUES OF THE INDIVIDUAL TERMS I N  A PARTIAL SUM 
OF (16) FOR THE E L L I P T I C  CYLINDER (FIGURF, 14) 

Sxpansion (16) 

y* = 1.830 
x = O./lbl 

0.87662 

0.14866 

0 

-0.29075 

0.14806 

0.83699 x 

-9.6007 x 

7.1677 x 

0.35023 x 

0.6986 

TABLE. 5. AUXILIARY FUNCTIONS FOR MASS TRANSFER AT THE CIRCULAR CYLINDER 

I 1 

See e q u a t i o n  (43). 
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The subregions HI, e t c . ,  a r e  defined i n  Sect ion 11. Heavy l i n e s  
r e f e r  t o  the  boundaries of subregions.  The subsc r ip t  a takes the 
values 0, 1, and 2 before  separa t ion ,  x = xs, i s  reached. 
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HI 

FIGURE 1. FLOW PLANE AND NOTATIONS 
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B r e f e r s  t o  the ava i lab le  six-term p a r t i a l  sum of Blasius '  expansion ( 2 7 ) .  
the curves r e f e r  t o  the number o f  terms in  p a r t i a l  sums of (16). 
have been evaluated by use of the general  formulas (19) and (20) fo r  the coef f ic ien ts  and 
backward d i f fe rence  quot ients  fo r  t h e i r  der iva t ives .  

The numbers a t  
The coef f ic ien ts  of (16) 
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FIGURE 2. U(X, y)/ue(X) AT x = 0.1 ( ~ p  = 11.5') FOR THE CIRCULAR CYLINDER 
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B r e f e r s  t o  the ava i l ab le  s ix- term p a r t i a l  sum of Blasius '  expansion (27) .  The numbers a t  
the curves r e f e r  t o  the number of terms i n  p a r t i a l  sums of (16). The c o e f f i c i e n t s  of (16) 
have been evaluated by use of the general  formulas (19) and (20) f o r  the  c o e f f i c i e n t s  and 
backward d i f fe rence  quot ien ts  f o r  t h e i r  de r iva t ives .  
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FIGURE 3 .  u(x, y) /ue(x)  AT x = 0.5 (cp = 57.2') FOR THE CIRCULAR CYLINDER 
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B r e f e r s  t o  the ava i lab le  six-term p a r t i a l  sum of Blasius '  expansion (27).  The numbers a t  
the curves r e f e r  t o  the number of terms i n  p a r t i a l  sums of (16).  The coe f f i c i en t s  of (16) 
have been evaluated by use of the general  formulas ( 1 9 )  and (20) f o r  the coef f ic ien ts  and 
backward d i f fe rence  quot ients  f o r  t h e i r  der iva t ives .  
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FIGURE 4 .  u(x, y)/ue(x) AT x = 0.85 (cp = 97.4") FOR THE CIRCULAR CYLINDER 
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B r e f e r s  t o  the ava i l ab le  s ix- term p a r t i a l  sum of Blasius '  expansion (27). 
the curves r e f e r  t o  the number of terms i n  p a r t i a l  sums of (16). 
have been evaluated by use of the s p e c i a l  formulas (21) f o r  the coe f f i c i en t s  and the 
unsymmetric f in i . t e  expressions (37) f o r  t h e i r  de r iva t ives .  

The numbers a t  
The coe f f i c i en t s  of (16) 
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Y 

x = 0.5 

FIGURE 5. U(X,  Y)/u,(x) AT x = 0.5 (cp = 57.2") FOR THE CIRCULAR CYLINDER 
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B r e f e r s  t o  the ava i l ab le  six-term p a r t i a l  sum of Blasius '  expansion ( 2 7 ) .  The numbers a t  
the curves r e f e r  to  the number of terms i n  p a r t i a l  sums of (16). The coe f f i c i en t s  of (16) 
have been evaluated by use of the spec ia l  formulas (21)  f o r  the  coe f f i c i en t s  and the 
unsyrmnetric f i n i t e  expressions (37) fo r  t h e i r  der ivat ives .  
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B r e f e r s  t o  the  a v a i l a b l e  s ix- term p a r t i a l  sum of Blasius '  expansion (27) .  
The numbers a t  the  curves r e f e r  t o  the  number of terms i n  p a r t i a l  sums of 
(22). The c o e f f i c i e n t s  of (22) have been evaluated by use of the general  
formulas (24 )  - (26) f o r  the  c o e f f i c i e n t s  and backward d i f fe rence  quot ients  
f o r  t h e i r  der iva t ives  . 
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FIGURE 7 .  u(X, y)/Ue(X) AT X = 0.1 (Cp  = 11.5") FOR THE C I R C U L R  CYLINDER 



B r e f e r s  t o  the ava i l ab le  six-term p a r t i a l  sum of Blasius '  expan- 
s ion  ( 2 7 ) .  The numbers of the  curves r e f e r  t o  the number of terms 
i n  p a r t i a l  sums of ( 2 2 ) .  The coe f f i c i en t s  of ( 2 2 )  have been 
evaluated by use of the general formulas ( 2 4 )  - (26) f o r  the  coef- 
f i c i e n t s  and backward difference quotients f o r  t h e i r  der ivat ives .  
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B r e f e r s  t o  the  a v a i l a b l e  six-term p a r t i a l  sum of Blasius '  expansion 
(27). The numbers a t  the curves r e f e r  t o  the  number of terms i n  
p a r t i a l  sums of (22). The c o e f f i c i e n t s  of (22) have been evaluated 
by use of t he  general  formulas (24) - (26) f o r  the  c o e f f i c i e n t s  and 
backward d i f fe rence  quotients,  f o r  t h e i r  de r iva t ives .  
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FIGURE 9. u (x ,  y ) /ue(x)  AT x = 0.85 ((p = 97.4") FOR TJlE CIRCULAR CYLINDER 



The s o l i d  l i n e  r e p r e s e n t s  (28) fol lowing from a s ix- te rm 
p a r t i a l  sum of B las ius '  expansion (27).  The dashed l i n e  
r e p r e s e n t s  ( 3 4 ) ,  which is a r e s u l t  of employing the o u t e r  
s o l u t i o n  f o r  t h e  e n t i r e  boundary l a y e r ,  

0 0.2 0.6 0.8 I .o 

FIGURE 10. c,(x) Re% FOR THE CIRCULAR CYLINDER, FROM BLASIUS' 

EXPANSION (28) AND FROM THE APPROXIMATION ( 3 4 )  
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The s o l i d  l i n e  r e p r e s e n t s  (28) fo l lowing  from a s ix - t e rm 
p a r t i a l  sum of B las ius '  expansion (27) .  The dashed l i n e  
r e p r e s e n t s  ( 3 4 ) ,  which i s  a r e s u l t  o f  employinp the  o u t e r  
s o l u t i o n  f o r  t he  e n t i r e  boundary l a y e r .  
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%/i 
FIGURE 11. c f (x ) / c f (0 .05 )  FOR THE CIRCULAR CYLINDER, FROM BLASIUS' 

EXPANSION (28) AND FROM THE APPROXIMATION ( 3 4 )  
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The s o l i d  l i n e  r e p r e s e n t s  (28) fo l lowing  from a s ix - t e rm p a r t i a l  sum of  B l a s i u s '  expansion 
(27) .  The dashed l i n e  r e p r e s e n t s  p a r t i a l  sums of (22).  
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X 

FIGURE 12. c f ( x )  Rex FOR THE CIRCULAR CYLINDER, FROM BLASIUS' EXPANSION AND'FROM (16) 



cn 
0 

The s o l i d  l i n e  represents (28) following from a six-term p a r t i a l  sum of Blasius' expansion 
(27) .  The dashed l i n e  represents p a r t i a l  sums of (22) which a re  continued by use of 
p a r t i a l  sums of (16). 
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FIGURE 13. c,(x) Re' FOR THE CIRCULAR CYLINDER, FROM BLASIUS' EXPANSION AND FROM (22) W I T H  CONTINUATION BY USE OF (16) 



The s o l i d  l i n e  r e p r e s e n t s  (16) and t h e  dashed l i n e  (22).  
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FIGURE 14. c f ( X )  Re’ FOR THE ELLIPTIC CYLINDER, FROM (16) AND FROM (22) 



Cases 1, 2 ,  and 3 a r e  de f ined  i n  equa t ion  ( 4 3 )  and Table 5. 
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FIGURE 15. c,(x) Re’ FOR THE CIRCULAR CYLINDER, FROM (16):  NORMAL BLOWING AND S U C T I O N  VECTORS 



Cases 4 ,  5, and 6 a r e  defined i n  equation (43 )  and Table 5. 
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FIGURE 16. Cf (x) Re' FOR THE CIRCULAR CYLINDER, FROM (16): INCLINED BLOWING AND SUCTION VECTORS 



Cases 1, 2 ,  and  4 are d e f i n e d  i n  e q u a t i o n  ( 4 3 )  a n d  T a b l e  5. 
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FIGURE 1 7 .  cf (x) Re' FOR THE CIRCULAR CYLINDER, FROM (16): INFLUENCE OF THE INCLINATION 'OF THE BLOWING VECTO@ 
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The s o l i d  l i n e  represents  zero mass t r a n s f e r  and the dashed l i n e  uw(x) 0 and v (x) - 0.2. 
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FIGURE 18. cf (x) Re' FOR THE ELLIPTIC CYLINDER, FROM (16): NORMAL SUCTION VECTOR 





APPENDIX A 

VALIDITY OF BLASIUS' EXPANSION 

For the flow p a s t  a symmetrical cy l inder  of a r b i t r a r y  c ross  s e c t i o n  wi th  
a b l u n t  leading edge, the v e l o c i t y  d i s t r i b u t i o n  a t  the ou te r  edge of the boun- 
dary l a y e r  can be expressed i n  the form 

n= 0 

Blasius  has shown i n  Reference 6 t h a t  G(x, y)  can be represented  by 

6 = - iil f; 

For the c i r c u l a r  cy l inder  t h i s  expansion takes  the form of equat ion (27).  The 
func t ions  f&-l (7) a r e  s o l u t i o n s  of ord inary  d i f f e r e n t i a l  equat ions which f o r  
n 2 3 depend on the numbers a i .  Howarth [22] has rep laced  each one of the 
func t ions  f k ,  f; and f b  by un ive r sa l  func t ions  independent of the  c o e f f i c i e n t s  
G i  of t he  p a r t i c u l a r  p r o f i l e  under cons idera t ion .  T i f fo rd  [59] has ca l cu la t ed  
the  func t ion  f i l .  According t o  Reference 28, the  momentum i n t e g r a l  of the 
boundary l aye r  is  n o t  s a t i s f i e d  by the  a v a i l a b l e  terms i n  Blas ius '  expansion 
i f  the flow reg ion  of increas ing  pressure  i s  considered i n  the boundary l a y e r  
a t  the  c i r c u l a r  cy l inde r  wi th  ue = 2 s i n  q. 
f r i c t i o n  c o e f f i c i e n t  v a r i e s  p ropor t iona l ly  t o  (xs - x)% a s  x --f xs.  F i  ure  1 2  
shows t h a t  the  a v a i l a b l e  terms i n  Blas ius '  expansion (28) f o r  c f ( x )  ReA do no t  
s a t i s f y  the  consequent condi t ion  ck(xs) Re% =-a, 
a h igher  order  p a r t i a l  sum is requi red  t o  approximate the  i n f i n i t e  s e r i e s  f o r  
u(x,  y) i n  the reg ion  of dece le ra t ed  boundary l aye r  flow p a s t  the  c i r c u l a r  
cy1 inder  . 

According t o  Reference 14 ,  the  

F 
This s i t u a t i o n  ind ica t e s  t h a t  

I n  a d d i t i o n  t o  t h i s  de f i c i ency  i n  case of the c i r c u l a r  cy l inde r ,  Blas ius '  
expansion e x h i b i t s  s e r ious  shortcomings f o r  p r o f i l e s  l e s s  b l u n t  than the  c i r c l e .  
For example, a sequence of e l l i p t i c  cy l inders  wi th  r a t i o  A of minor and major 
axes i s  considered,  wi th  the  major a x i s  of l eng th  f, a l igned  wi th  f r e e  stream. 
Conformal r ep resen ta t ion  of these  e l l i p s e s  on the  c i r c l e  y i e l d s  fie(%, A)/& 
according t o  Sec t ion  X. 
expansion may be expected only i f  t he  polynomial 

Obviously, accu ra t e  approximations by use of Blas ius '  
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iie(2) = z2n-1 

n= 0 

y i e l d s  l e s s  than,  say ,  5 percent  e r r o r  a s  compared t o  the r e s u l t s  of the con- 
formal r ep resen ta t ion .  In  dependence on the r a t i o  A of the axes ,  the follow- 
ing t a b l e  g ives  the s t a t i o n  x a t  which t h i s  5 percent  e r r o r  i s  reached. 

- -  

A 0.98 0.95 0.90 0.50 

X 0.90 0.55 0.35 0.05 
- _  ~ 

It is seen t h a t  Blas ius '  expansion so lves  P r a n d t l ' s  boundary l aye r  problem 
only f o r  p r o f i l e s  of considerable  b luntness .  
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APPENDIX B 

HISTORICAL NOTES ON THE INNER AND THE OUTER SOLUTIONS 

The asymptotic t r a n s i t i o n  of the  boundary l a y e r  t o  the i n v i s c i d  i r r o t a -  
t i o n a l  ou ter  flow suggests  the  subdiv is ion  of the boundary l a y e r  i n t o  an inner  
and an outer  region.  This approach seems t o  have been used f o r  the f i r s t  time 
by Blasius  (Reference 45, 1908) i n  order  t o  so lve  the  " f l a t  p la te"  boundary 
l aye r  wi th  ue(x) const.  In  s i m i l a r i t y  v a r i a b l e s  

t h i s  problem is governed by the d i f f e r e n t i a l  equat ion f f "  + 2f"' = 0, e .g . ,  
Ch. V I 1  of Reference 48. Blas ius  obtained the s o l u t i o n  of t h i s  equat ion i n  
the  form of a power s e r i e s  expansion about q = 0 and an asymptot ic  expansion 
f o r  q = coy the  two s o l u t i o n s  being jo ined  a t  a s u i t a b l e  po in t  i n  the boundary 
layer .  The usefu lness  of the matching method is  shown, e .g . ,  by the  agreement 
between Blas ius '  s o l u t i o n  and a Runge-Kutta s o l u t i o n  presented i n  Reference 61. 

Blasius '  matching method was appl ied  aga in  i n  1934 by von Ka'rma'n and 
Mi l l ikan  [27].  According t o  Reference 28, these au thors  obtained t h e i r  ou ter  
s o l u t i o n  from the  l i n e a r i z e d  d i f f e r e n t i a l  equat ion (29). By use of the 
expans ion 

M 

m= 0 

they presented the  ou te r  s o l u t i o n  f o r  even values  of m i n  the  fol lowing form: 

m= 0 

here  z = $/my r denotes the  r - func t ion ,  

( i m  e r f c  z ) ;  (B-2) 

e r f  t he  e r r o r  func t ion ,  and im e r f c  
r ep resen t s  the m-th repea ted  i n t e g r a l  of t he  complementary e r r o r  func t ion ,  e .g .  , 
Reference 7. 
closed-form inner  s o l u t i o n  from the  l i n e a r i z e d  momentum equat ion 

According t o  Reference 28, von Kdrmdn and Mi l l ikan  obtained a 
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where 

and denotes the  

these  au thors  f o r  
a2ii/ay2 = 0). I n  

l? = (l/c) dp/dx 

v e l o c i t y  component a t  the  i n f l e c t i o n  p o i n t  (def ined by 
the  reg ion  where uk(x) > 0, t he  o u t e r - s o l u t i o n  is  used by 
t h e  e n t i r e  width of the  boundary l aye r .  This y i e l d s  r a t h e r  

poor r e s u l t s  f o r  b l u n t  bodies a s  is seen i n  Figure 10 f o r  the  case of the  
c i r c u l a r  cy l inde r .  For s l ende r  bodies ,  though, the  o u t e r  s o l u t i o n  y i e l d s  
more accu ra t e  answers f o r  c f ( x )  Re% as is  shown by p e r t i n e n t  r e s u l t s  i n  
References 1 and 2. Von Kdrmzfn and Mi l l ikan  employed t h e i r  inner  s o l u t i o n  
only between the  w a l l  and the po in t  of i n f l e c t i o n ,  i . e . ,  i n  the  reg ion  where 
uL(x) < 0. 
t o  be more r e l i a b l e  than the  Pohlhausen method i n  p red ic t ing  sepa ra t ion ,  i t  
errs i n  s e t t i n g  the sepa ra t ion  po in t  too  f a r  forward and i n  p red ic t ing  too  
r ap id  a boundary l a y e r  growth." 

It is  pointed out  i n  Reference 28 t h a t  a l though t h i s  method "seems 

I n  Reference 60 (1945), Tollmien s tud ied  t h e  asymptot ic  t r a n s i t i o n  ?/e-+ w by employing s o l u t i o n s  of the  l i n e a r i z e d  d i f f e r e n t i a l  equat ion (29) 
as they are g iven  i n  t r e a t i s e s  on h e a t  conduction, e.g., Ch. I1 of Reference 7. 
The s o l u t i o n  c o n s i s t s  of two i n t e g r a l s ,  t he  f i r s t  accounting f o r  t h e  i n i t i a l  
d i s t r i b u t i o n  g(0,  $) a t  @ = O.and the  second r ep resen t ing  the  inf luence  of a 
f r e e  boundary func t ion  g(@, 0) a t  t h e  w a l l  $ = 0. This func t ion  g(@, 0) is 
equiva len t  t o  G(,0') i n  (32) .  Tollmien has shown t h a t  t h e  f i r s t  i n t e g r a l  may be 
omitted f o r  bo th  a boundary l a y e r  beginning a t  a s t a g n a t i o n  po in t  and the  
boundary l a y e r  p a s t  a f l a t  p l a t e  wi th  a sharp  leading  edge and a l igned  w i t h  
t h e  f r e e  stream. The asymptotic t r a n s i t i o n  of t he  boundary l a y e r  toward the  
ou te r  p o t e n t i a l  f low is represented  i n  each one of t hese  two cases  by t h e  f i r s t  
term of an asymptot ic  expansion i n  powers of 7/2@of t h e  remaining second i n t e -  
g r a l .  The f i r s t  terms of both  expansions depend on one f r e e  cons tan t  each, c1 
and c2, which are determined by t h e  asymptotic behavior  of t he  i n i t i a l  v e l o c i t y  
p r o f i l e  as $ .+ co. This s i t u a t i o n  aga in  stresses the  importance of t he  upstream 
h i s t o r y  according t o  d iscuss ions  i n  the  In t roduc t ion  and i n  Sec t ion  V. 

For the  s i m i l a r i t y  cases  def ined by Ge = E Em and iiw = fw = 0, Riegels  
and Zaat [46, 19471 have solved a l i n e a r i z e d  ve r s ion  of P r a n d t l ' s  momentum 
equat ion which is asymptot ica l ly  v a l i d  as a/m +a, 

a f r e e  parameter A = A(m) which is determined by matching wi th  numerical so lu -  
t i o n s  der ived  f o r  s m a l l  and medium values  of a/m. 

The s o l u t i o n  depends on 

Betz [5,  19551 has der ived a d i f f e r e n t i a l  equat ion of a form s i m i l a r  t o  
(29). The convolution-type i n t e g r a l  of t h i s  equat ion is used i n  the  range 
%(x) 5 7 < w, where 3: is the  displacement thickness  of the  boundary l aye r .  
This i n t e g r a l ,  which depends on a boundary func t ion  X ( V @ )  comparable t o  E ' ( @ )  
i n  (32 ) ,  is  expanded i n  a s e r i e s  by use of un ive r sa l  func t ions  &(E) and a 
Taylor s e r i e s  f o r  LE 2 a s  a func t ion  of TD; here  

- -- 
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i s  e s s e n t i a l l y  t h e  v a r i a b l e  used i n  G g r t l e r ' s  expansion [18, 191. I n  Refer- 
ence 5, Betz has tabula ted  u n i v e r s a l  func t ions  en(E;) and evaluated h i s  expan- 
s i o n  f o r  t h e  case of s i m i l a r i t y  s o l u t i o n s  w i t h  Ue = E 9" and Uw = Vw = 0. 
The a p p l i c a b i l i t y  of Betz ' s  s o l u t i o n  depends c r i t i c a l l y  on the  convergence of 
t he  Taylor expansion f o r  fig k.  
i n  Appendix A shows t h a t  t h i s  problem may impose severe l i m i t a t i o n s  upon a 
se r ies  eva lua t ion  of t h e  convolution-type i n t e g r a l  of (29). 

A comparison wi th  B las ius '  s e r i e s  discussed 

The c a l c u l a t i o n  procedure proposed by Kosson i n  Reference 28 (1963) i s  a 
major modi f ica t ion  of t h e  method of von Ksrmdn and Mi l l ikan .  The f a c t o r  u/ue 
i n  equat ion (lob) is rep laced  by a constant  number C, which then a l s o  appears 
i n  t h e  s o l u t i o n .  Kosson determines C by use of some approximately v a l i d  r e l a -  
t i o n s  and poin ts  o u t  t h a t  i n  genera l  C 0.8. The inner  s o l u t i o n  is  represented  
by t h e  polynomial 

4 
r-- 

i n  except ional  ca ses ,  though, Kosson uses t h e  inner  s o l u t i o n  given by von Kgrma'n 
and Mi l l ikan  i n  Reference 27. Kosson presents  a closed-form g e n e r a l i z a t i o n  of 
(B-2) which is  due t o  rep lac ing  (B-1) by 

m= 0 n= 0 

where m and n a r e  i n t e g e r s  and xn > 0. 
encountered i n  approximating a given p(g) d i s t r i b u t i o n  by (B-3) ( see  Appendix A ) ,  
Kosson i n  l i e u  recommends a closed-form expression f o r  (E - g o  e r f z )  which 
follows from replac ing  the  given E@') d i s t r i b u t i o n  by a s t e p  curve.  
appl ied  h i s  method t o  t h e  following cases  i n  Reference 28: a constant  o r  
a l i n e a r  v a r i a t i o n  i n  fie(?), (b) t he  c i r c u l a r  cy l inder  wi th  the  v e l o c i t y  d i s t r i -  
bu t ion  iie(x) = 2 s i n  cp a s  given by p o t e n t i a l  theory,  (c> the c i r c u i a r  cy l inder  
w i t h  fie(?) following from the  measured pressure  d i s t r i b u t i o n  [13] ,  and - (d) 
Schubauer's e l l i p s e  of Reference 21. Kosson remarks i n  h i s  paper [28] t h a t  
h i s  method "occupies a middle ground between the  i n t e g r a l  method and numerical 
methods, w i t h  r e s p e c t  t o  accuracy and computing t i m e .  A t y p i c a l  problem, ..., 
takes  from 2 t o  5 minutes on an  IBM 7090 d i g i t a l  computer." The c a l c u l a t i o n  
method presented i n  t h i s  paper is a more r e f i n e d  v e r s i o n  of Kosson's appl ica-  
t i o n  of t he  matching p r i n c i p l e .  The au thors  of t h i s  paper were n o t  aware of 
Reference 28 before  i t s  p u b l i c a t i o n  and they completed t h e i r  paper before  
Reference 28 came  o u t  i n  May 1963. 

Since considerable  d i f f i c u l t y  may be 

Kosson 
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APPENDIX C 

SOLUTIONS OF THE LINEARIZED VON MISES EQUATION 

Both the  complementary e r r o r  i n t e g r a l  

M 

and the  express ion 

s a t i s f y  the d i f f e r e n t i a l  equat ion (29) of the ou te r  s o l u t i o n  f o r  $ > ve. 
Expression (C-2)  f u l f i l l s  the f i r s t  and t h i r d  one of the p e r t i n e n t  i n i t i a l  
and boundary condi t ions (31) , i . e . ,  

It w i l l  be  shown now t h a t  the  second one of the condi t ions (31)  is a l s o  s a t i s -  
f i e d  by (C-2) ,  i . e . ,  

The coord ina te  t ransformation 
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re lates  7 and y 
t r a n s  format ion,  

a t  f i x e d  va lues  of both @ > 0 and + - f& > 0 .  
( C - 2 )  can be w r i t t e n  a s  fo l lows:  

Upon t h i s  

2 + -  
G 

m s 
+ J* a 

e [(@ - 11 dy. 

Since i t s  integrand is bounded, the f i r s t  i n t e g r a l  i n  ( C - 4 )  tends t o  zero 
toge ther  wi th  (* - $*). Evident ly ,  the  i n t e g r a t i o n  v a r i a b l e  p of the  second 
i n t e g r a l  i n  ( C - 4 )  f u y f i l l s  the i n e q u a l i t y  

y >- a 

s i n c e  + > $;. 
when both + - $; and p a r e  zero,  the second i n t e g r a l  is a continuous func t ion  
of + - $6 i n  t he  e n t i r e  range of v a r i a t i o n  0 5 $ - I&& < ~ 0 .  A s  $ +a, there-  
f o r e ,  the  second i n t e g r a l  i n  ( C - 4 )  tends towards 

I f  G(@ - ($ - $ g ) 2 / 4 y 2 )  is def ined  t o  take on the  va lue  G(@) 

,I e-y2 dp = G(@) - 1. 

64 



The r ight-hand s i d e  of (12-2) may be in t eg ra t ed  by p a r t s  because both F 
and G possess continuous d e r i v a t i v e s  wi th  r e spec t  t o  @ (e.g., p .  65 of Refer- 
ence 6 9 ) ,  

0 

H e r e ,  t he  r e l a t i o n s  G(0) = g(0 ,  I)’”) = 1 and F(0, $ - I)$;) = 0 have been employed. 
Since F possesses  aRiemannin tegra1  wi th  r e s p e c t  t o  @ and aF/& is a continuous 
func t ion  of bo th  @ - q and $ - $& equat ion (C-9)  may be d i f f e r e n t i a t e d  wi th  
r e spec t  t o  $ (e.g. ,  p .  67 of Reference 6 9 ) ,  

a a 

If IdG/dql 5 M, t h i s  i n t e g r a l  e x i s t s  f o r  any va lue  of $ i n  0 S $ - $; < co s i n c e  

Therefore ,  a s  $ --3 $& the  r ight-hand s i d e  of (C-7)  tends towards 

Equation ((2-9) is  m u l t i p l i e d  by (w - @)% and subsequent ly  in t eg ra t ed  
over @ i n  t h e  l i m i t s  @ = 0 and @ = w. Because of G(@) = g(@ , $:) and . 
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t he  r e l a t i o n  

(C-10) 

(C-11) 

is obtained f i n a l l y  a f t e r  a s u i t a b l e  change of no ta t ions  has been c a r r i e d  out .  

Regions byn are introduced 

r e f e r r i n g  t o  a s u i t a b l y  s e l e c t e d  g r i d  i n  the  @ - $ plane.  
of von Mises’ boundary l a y e r  equat ions ( lob)  may be obtained by employing the  
l i n e a r i z e d  d i f f e r e n t i a l  equat ion  

Approximate s o l u t i o n s  

(C-13) 

I f  g (gy  $) is  known f o r  0 5 ,@ S 
0 < 

0 < $ < w and f o r  pn-1 5 5 any 
< $m-ly  the  fol lowing i n i t i a l  and boundary condi t ions  can be prescr ibed  

-on the  parabol ic  boundary of &,n: 
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The s o l u t i o n  gmYn(j3, $) of (C-13)  may be represented  by the  sum 

(C-15) 

of t he  th ree  “ in f luence  i n t e g r a l s ”  (e.g., Ch. I1 of Reference 7) 

’n- 1 

and 

(C-17) 

(C-18) 

These th ree  i n t e g r a l s  depend on t h e  unknown funct ions  Gl(’n-ly $), G2(’, $m-l), 
and G3(@, $m). Comparison t o  (C-2) shows t h a t  g2(&-1, 9) = g3(@n-1, $) = 0. 
According t o  Ch. I1 of Reference 7 ,  t he re fo re ,  Gl(@n-l, $) = y l ( $ ) .  The func t ions  
G2(@, qm-1) and G3(@, $m) can be determined by r equ i r ing  t h a t  (C-15) take  on 
the  prescr ibed  boundary func t ions  y o ( $ )  and y2($) on the  boundary 

In t h i s  way, the  s o l u t i o n  (C-15)  of (C-13)  i s  obtained i n  HmYn. 
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I 

I n  the  subregion H I o ~ ( x o )  < @ < @(x,), q < q < Q0 with  q0 < $& the  inner  
s o l u t i o n  is  represented  by p a r t i a l  sums of (1t) o r  (22) .  
a l r eady  known f o r  ,@(xo) 5 
employed t o  determine cf (Pn) Re% wi th  the fol lowing p e r t i n e n t  add i t ions :  
each i t e r a t i o n  cyc le  f o r  cf(gn)  Reg, p a r t i a l  sums of (16) o r  (22) a r e  evaluated 
on the boundary l i n e  = q0, ph-l S @ S Pn of  HI^. 
and ag(@, q0)/&, t h e r e  follows the  s o l u t i o n  go,n(@, $) of (C-13) f o r  Ho,n. 
Subsequently, gl,n(j3, $), g&, q ) ,  e tc .  a r e  determined. 
g(@, $M) and ag(@, $M)/&, as fol lowing from g (@, $), a r e  s u b s t i t u t e d  i n  M, n the  boundary r e l a t i o n  ( 3 6 )  of the  ou te r  s o l u t i o n .  
chosen i n  such a way t h a t  Um n r ep resen t s  an  average of t he  i n i t i a l  and boun- 
dary d i s t r i b u t i o n s  U(gn-1, and ~($3, qm-l). 

I f  cf(@) Re% i s  
S h-1, the  numerical procedure of Sec t ion  VI1 is  

Within 

From g(@n-ly $), g ( p y  $0) 

If qH. = $5, both  

The cons tan t  number Um,n i s  
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APPENDIX D 

BOUNDS OF THE RIGOROUS SOLUTION 

With r e fe rence  t o  d iscuss ions  of approximate s o l u t i o n  methods i n  the  I n t r o -  
duc t ion ,  i t  i s  d e s i r a b l e  t o  determine r igo rous ly  v a l i d  bounds of exac t  boundary 
l a y e r  so lu t ions .  These bounds can be  cons t ruc ted  by use of Nicke l ' s  modified 
ve r s ion  [37-391 of the  lemma of Nagumo [36]  and Westphal [68]  f o r  nonl inear  
pa rabo l i c  d i f f e r e n t i a l  opera tors .  According t o  Reference 39,  the  reg ion  Hp 
and i t s  parabol ic  boundary rp a r e  introduced,  

o < y < w ;  1%: O < X < X l < X  S '  

rp: x = 0, 0 < y < ~ 0 ;  y = o ,  O S x < x 1 ;  
y = w ,  O S X < X l .  

The "admissible" func t ions  a s  def ined  i n  Reference 39 a r e  subjec ted  t o  condi- 
t i ons  on con t inu i ty ,  d i f f e r e n t i a b i l i t y ,  and s igns .  From the  po in t  of view of 
engineer ing a p p l i c a t i o n s ,  t he  most important ones of these  condi t ions a r e  
u(x,  y) > 0 and &(x,  y ) / a y  > 0 i n  Hp and au(x,  O)/ay > 0 i n  0 < x 5 xl. 
s ec t ions  x = const .  , t he  admiss ib le  €unct ion u(x,  y) then increases  monotonically 
wi ty  y,  a s  is t r u e  f o r  exac t  s o l u t i o n s  u(x ,  y) according t o  theorem ( I a )  i n  
Sec t ion  11. The s u b s c r i p t s  L and U denote lower and upper bounds, r e spec t ive ly .  
A t  the  w a l l  y = 0, i t  is  assumed t h a t  U,L(X) = %u(x) = %(x) = 0. 
ing theorem then holds  t r u e  according t o  Reference 39: 

In  

The follow- 

(111). Both the  exac t  s o l u t i o n  u(x,  y) of P r a n d t l ' s  boundary l a y e r  
problem and the  admissible  func t ions  UL(X, y) and UU(X, y)  a r e  assumed t o  
s a t i s f y  the  i n i t i a l  and boundary condi t ions ( l l a )  - (14a) on rp wi th  
u, = ULW = uuw 0. I f  

where the opera tor  Pp is  def ined  i n  (5) ,  

uL(x, y)  5 u(x,  y) s uu(xy y) i n  % + rp. (D- 3) 
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Von Mises' t ransformat ion  (6) and (7)  r e l a t e s  Hp and rp t o  % and rM, 

Since the  Jakobian (8) is nonzero i n  Hp, t he  inverse ,  xM and YM, of von Mises' 
t ransformation can be determined i n  Hp, 

According t o  Reference 39,  u(@, $) and uL(@, $) a r e  def ined with re ference  t o  
the corresponding stream l i n e  d i s t r i b u t i o n s  , 

{and 

In  terms of von Mises' boundary l a y e r  opera tor  

u u' 
PM U(P,, $) E - a U  a@ - - e U e - - $ ( U S ) .  

P r a n d t l ' s  momentum equat ion (5) can be w r i t t e n  a s  fol lows:  

Applicat ion of (9)  transforms u PM u = O i n t o  von Mises' d i f f e r e n t i a l  equa- 
t i o n  (10). Because of (D-2), (D-4) and (D-8), 
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From t h i s  r e l a t i o n  t h e r e  follows according t o  Reference 39 

Because of (D-5) and (D-10) 

(D-10) 

(D- 11) 

Theorem ( I a )  i n  Sect ion 11, (D- 9 ,  and (D-11) y i e l d  

(D-12) 

Since % and r, correspond H I? 
P P Y  

uL(xy y)  5 u(x, y)  i n  H + rp (D- 13) P 

wi th  the equiva len t  r e l a t i o n  holding t rue  between uu and u. 
t h a t  (D-3) i n  theorem (111) is v a l i d  regard less  of whether the  d i f f e r e n t i a l  
r e l a t i o n s  (D-2) i n  Car tes ian  coordinates  o r  (D-9) i n  von Mises' coordinates  
have been used t o  determine UL and UU. This conclusion obviously i s  s t i l l  
v a l i d  i f  (D-9) is  employed i n  p a r t  of the  boundary l a y e r  flow plane under 
cons idera t ion  and (D-2) i n  the  remaining p a r t .  

It is thus seen 

The bounds w i l l  be cons t ruc ted  sepa ra t e ly  i n  HI and HII, employing 
Car tes ian  coordinates  i n  HI and von Mises coordinates  i n  HII. 
t he  b r i e f  o u t l i n e  t o  be given here  w i l l  be r e s t r i c t e d  t o  one s t ream l i n e  
$ = $E sepa ra t ing  HI and HIIo. 

For s i m p l i c i t y ,  

A s u f f i c i e n t l y  l a r g e  va lue  of $: is assumed 
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s o  t h a t  both a2gL/aq2 and a2gU/ai2 a r e  nega t ive  i n  0 < @ 5 @(x1), $; S, $ < m; 

i .e. ,  any po in t s  of i n f l e c t i o n  of uu and UL i n  s e c t i o n s  x = const .  a r e  
r e s t r i c t e d  t o  H . The lower bounds a r e  assumed t o  s a t i s f y  the  following con- 
d i t i o n s  on the  iounda r i e s  of HI and HII, r e spec t ive ly :  

) = GL (@(XI), (D-14) 

and 

These condi t ions a l s o  apply t o  the  upper bounds a f t e r  the s u b s c r i p t  L has been 
replaced by U .  
l i n e a r  d i f f e r e n t i a l  equat ions 

With r e fe rence  t o  (39 ) ,  UL and uu a r e  assumed t o  s a t i s f y  the  

and 

(D- 16a) 

(D-16b) 

i n  H I I ~ .  
and theorem (Ia) i n  Sec t ion  11, 

Because of a2gL/a$2 < 0, a2gu/aq2 < 0, equat ions (39)  and (D-16), 

(D-17) 

To f a c i l i t a t e  the d iscuss ions  with regard t o  HI, only the cons t ruc t ion  of t he  
lower bound w i l l  be  ou t l ined  here .  
sum of 

This bound uL is expressed by a p a r t i a l  

(D-18) 
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which is t o  s a t i s f y  the  following d i f f e r e n t i a l  equat ion 

The "discrepancy term" FL(x, y) appears i n  (D-19) because any p a r t i a l  sum of 
(D-18) i n  genera l  does no t  f u l f i l l  the  d i f f e r e n t i a l  equat ion Ppu(x, y) = 0. 
The f r e e  func t ion  BL of x is determined i n  such a way t h a t  

pPuL(x, y) - F ~ ( x ,  y) 5 pPu(x, y) = o i n  H + (D- 20) I 0' 

Because of (D-14), (D-15), (D-17), and (D-20), the condi t ions  of theorem (111) 
a r e  s a t i s f i e d ,  i . e .  , 

uL(xJ y)  s U(X,  y)  i n  H + $: + H ~ ~ ~ .  I (D- 21) 

Here, the  equivalence of determining the  bounds i n  Car tes ian  coordinates  and 
i n  von Mises coordinates  has been employed. The admiss ib le  func t ions  employed 
i n  theorem (111) a r e  supposed t o  be continuous and t o  possess  continuous f i r s t  
d e r i v a t i v e s  wi th  r e s p e c t  t o  y i n  0 S x 5 xl, 0 < y < m; regarding the  second 
d e r i v a t i v e  of admissible  func t ions  wi th  r e spec t  t o  y ,  only the ex i s t ence  i n  
t h i s  reg ion  i s  assumed i n  Reference 39. While these  condi t ions  on UL and 
auL/ay a r e  f u l f i l l e d  i n  HI and HII, the func t iona l  va lues  of uL and 2auL/ay = 
agL/a$ a s  fol lowing from the  ind iv idua l  r ep resen ta t ions  i n  HI and HII have t o  
be matched along the  curve $ = $: sepa ra t ing  HI and HII. For t h i s  purpose, 
t he  matching procedure of the inner  and the  ou te r  s o l u t i o n  a s  presented i n  
Sect ions V I  and V I 1  may be employed. In  a d d i t i o n  t o  the  s tepwise  numerical 
s o l u t i o n  of t he  i n t e g r o - d i f f e r e n t i a l  equat ion ( 3 6 )  f o r  c fL(x ) ,  the  func t iona l  
va lues  of BL(x) have t o  be determined a t  every g r i d  po in t  gn i n  such a way 
t h a t  (D-17)  i s  s a t i s f i e d  i n  gn-1 < ,@ S gn, 0 < y S y;k(x). The double i t e r a -  
t i o n  procedure thus requi red  a t  every s t e p  f o r  cfL(gn) and B L ( @ ~ )  i s  f a c i l i -  
t a t e d  by the  f a c t  t h a t  any number BL(/an) w i l l  do which s a t i s f i e s  t he  inequa l i ty  
s i g n  i n  (D-18). 

The r e l a t i o n s h i p  (D-21), i t s  equiva len t  u S uu, and gL(x, 0) = gu(x, 0) = 
g(x ,  0) = 1 - uz(x) according t o  (D-14) show t h a t  A ~ L ( x )  5 Al(x) 5 Alu(x); i . e . ,  

c (x) s c (x) c (x) f o r  0 < x < x1 (D- 22) 
fL f fU 
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because of (18). 
one t o  determine bounds of the  sepa ra t ion  po in t ,  

These bounds f o r  t he  exac t  f r i c t i o n  c o e f f i c i e n t  c f (x )  enable 

(D- 23)  su x s x  5 x  SL s 

from cfL(xsL) = cfU(xsU) = 0, r e spec t ive ly .  De ta i l s  of t h i s  c a l c u l a t i o n  pro- 
cedure f o r  t he  bounds and numerical a p p l i c a t i o n s  w i l l  be presented i n  a f o r t h -  
coming paper by the  f i r s t  au thor .  

The o u t e r  s o l u t i o n  of Sec t ion  V s a t i s f i e s  t he  d i f f e r e n t i a l  equat ion 
(D-16a) f o r  the  lower bound i n  HII. The condi t ion  (D-2)  i n  theorem (111) is 
s a t i s f i e d  by s o l u t i o n s  of (D-16a) provided a2gL/a$' < 0. I f ,  i n  add i t ion ,  

and 

the ou te r  s o l u t i o n  r ep resen t s  a lower bound i n  HIIo. 
can be s a t i s f i e d ,  e.g.,-,-if the  ou te r  s o l u t i o n  is  appl ied  f o r  the  e n t i r e  
boundary l a y e r ,  i . e . ,  $: = qXq. This y i e l d s  equat ion ( 3 4 )  whose eva lua t ion  
f o r  the boundary l a y e r  p a s t  the  c i r c u l a r  cy l inde r  is  compared i n  Figure 10 
t o  a supposedly r igorous  s o l u t i o n .  
from ( 3 4 )  a c t u a l l y  r ep resen t s  a lower bound of c f (x )  Re% i f  uk(x) > 0. Pas t  
the  po in t  of minimum pressure ,  xm = 0.787, however, equat ion ( 3 4 ) ,  ceases t o  
r ep resen t  a r igo rous ly  v a l i d  lower bound of c f (x )  Re% s i n c e  g(g, $) possesses 
a po in t  of i n f l e c t i o n  i n  s e c t i o n s  @ = cons t .  f o r  @ > @(x,,,). 

The condi t ions  (D-24) 

It is  seen i n  t h i s  f i g u r e  t h a t  c fa (x)  Re% 

Upon the  t ransformation 

(D- 26) 

the  d i f f e r e n t i a l  equat ions (D-16a) and (D-16b) and t h e i r  so lu t ions  become 
i d e n t i c a l  because of (D-24) and (D-25), 
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Because of theorem (111) , 

(D- 28) 

According t o  Sec t ion  VI, the  cons tan t  number U2 may be chosen a r b i t r a r i l y  
wi th in  the bounds zero  and one, s e e  (39 ) .  Because of t h i s  reason, (D-27) 
r ep resen t s  an  a p r i o r i  es t imate  of the l i n e a r i z a t i o n  e r r o r  incurred by the 
ou te r  s o l u t i o n .  
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